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Abstract 

Following a recent paper by Alday and Tachikawa, we compute the instanton 
partition function in the presence of the surface operator by the localization formula 
on the moduli space. For SU{2) theories we find an exact agreement with CFT 
correlation functions with a degenerate operator insertion, which enables us to 
work out the decoupling limit of the superconformal theory with four flavors to 
asymptotically free theories at the level of differential equations for CFT correlation 
functions (irregular conformal blocks). We also argue that the K theory (or five 
dimensional) lift of these computations gives open topological string amplitudes 
on local Hirzebruch surface and its blow ups, which is regarded as a geometric 
engineering of the surface operator. By computing the amplitudes in both A and B 
models we collect convincing evidences of the agreement of the instanton partition 
function with surface operator and the partition function of open topological string. 



1 Introduction 



In the problem of the non-perturbative physics of four dimensional gauge theory the con- 
nection to two dimensional theory has been an useful idea. For instanton effects in the 
low energy effective action (F-term) of M = 2 supersymmetric gauge theories the seminal 
work of Nekrasov [1] gives a combinatorial formula of the instanton partition function, 
which reminds us of the theory of free fermions and bosons in two dimensional conformal 
field theory (CFT). Last year this expectation was made quite explicit by AGT relation 
[2]. The holomorphic version of their proposal tells a relation of the homological (four 
dimensional) instanton partition function of M = 2 (quiver) gauge theories and appro- 
priate conformal blocks. Subsequently this correspondence was extended to incorporate 
loop and surface operators in four dimensional gauge theory [3] (see also [HE]). 

In this paper we consider the instanton partition function in the presence of a surface 
operator and its relation to CFT correlation function with a degenerate field insertion. 
In a last few months there appeared several works where related ideas have been devel- 
oped P El El El ED] • We note that most of them (except [7J ) assume the extension of 
AGT relation proposed in [3] and discuss the partition function with surface operators by 
computing the corresponding CFT correlation functions and/or topological string ampli- 
tudes. However, as is clearly explained in [7J the computation of the instanton partition 
function can be made more directly by localization formula on the gauge theory side, if 
we consider the moduli space of instantons which involves a certain type of surface oper- 
ator. In a sense this is a natural extension of the method which was used by Nekrasov to 
derive his formula of the instanton partition function. Based on the equivariant character 
formula derived by Feigin et. al. [TT], we first present a few examples of direct computa- 
tions of the instanton partition function with a surface operator. Precisely speaking the 
formula in [11] is expected to hold when the residual gauge symmetry on the surface is 
the maximal abelian subgroup U(1) N C U(N), which was called the full surface operator 
in [7J. But the surface operator which was argued to correspond to the degenerate oper- 
ator insertion is the simple surface operator on which the gauge symmetry is reduced to 
£7(1) X U(N — 1) C U(N). Fortunately for the gauge group U{2) these two types of the 
surface operator coincide. Since we rely on this coincidence, we only consider U (2) gauge 
theories in this paper. After decoupling the diagonal U(l) part, they describe SU{2) 
theories. 
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The original AGT relation was proposed for the superconformal gauge theories, which 
are obtained by compactifying the world volume theory of M5 branes on an appropriate 
Riemann surface with punctures [T2] . Recent papers on the extension of AGT relation 
with surface operator EJ [SJ El [TO] mainly considered the superconformal case. However, 
the AGT relation can be generalized to asymptotically free theories [131 EH]- bn this paper 
we will focus on SU(2) theories where the number of flavors is in the region < Nf < 3. 
According to [3] for superconformal theories we should look at the conformal blocks with 
a degenerate primary operator $ 12 insertion. On the other hand in the nonconformal 
case we have to replace the Virasoro highest weight states with the so-called Gaiotto 
states [13], or an analogue of the Whittaker vector for the Virasoro algebra [151 EE]- We 
derive the differential equations for the one point function of $ 1)2 operator with respect to 
the Gaiotto states in a systematic manner following the appendix of [T7]. In contrast to 
the differential equations for the usual conformal blocks, our differential equations have 
irregular singularities. We then obtain solutions to the differential equations which can 
be compared with the instanton partition function, namely those in the form of a power 
series in the scale parameter A which appears in the definition of the Gaiotto state on the 
CFT side. We show that they agree to the results from the localization formula on the 
moduli space. We emphasize that the agreement is established beyond the semi-classical 
limit which was argued in [3]. That is we do not have to take the limit ex, e% — > for the 
equality. This becomes possible, since we are able to compute an exact instanton partition 
function by the localization formula. On the gauge theory side the asymptotically free 
theories are obtained rather easily by taking the decoupling limit of M = 2 SU (2) theory 
with four flavors, where we take some of the masses of matter hyper mult iplets into infinity 
and redefine the parameter A of instanton expansion. However, it is not straightforward 
to achieve the corresponding limit at the level of differential equations on the CFT side. 
Hence, we carefully work out the degeneration of the differential equations with irregular 
singularities, which describes the reduction of the number of flavors. Note that the 
irregular singularities appear as a consequence of the congruence of regular singularities. 
As a byproduct we can also see how the Gaiotto state arises from a degeneration of two 
Virasoro primaries. 

As is expected from the idea of geometric engineering [T8] the instanton partition 
function without surface operator is related to the topological string amplitudes [321 [201 
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Figure 1: Correspondence among instanton counting, CFT and topological string 

|2U |22l [23] . Namely when the equivariant parameters (or the Q background) (€1,62) sat- 
isfy the self-dual condition e± + €2 = 0, the five dimensional lift (K theory version) of 
the instanton partition function agrees exactly with the closed topological string parti- 
tion function on the local toric Calabi-Yau manifold whose toric diagram is dictated by 
the geometric engineering. Since the closed topological string amplitudes compute the 
index of BPS states (the Gopakumar-Vafa invariants), the Nekrasov partition function 
in general Q background is expected to give a refinement of the BPS state counting in 
topological string theory [231 E3] - As the presence of surface operators breaks half of the 
supersymmetry and the semi-classical part of the partition function with surface opera- 
tor is identified with the twisted superpotential [3J, a natural generalization of the above 
geometric engineering is to look at open topological strings, which has been advocated by 
Gukov [25]. In the second half of the paper we explore the idea of geometric engineering 
of the surface operator in Af = 2 gauge theories. As was proposed by Ooguri and Vafa 
[26] the open topological string amplitudes (open BPS invariants) give the knot and link 
invariants via the relation to the Chern-Simons theory with the Wilson loop operator. 
As the dimensional reduction to three dimensions reduces the surface operator to the 
loop operator, the relation to the open topological string is natural also from the view 
point of three dimensional Chern-Simons theory. 
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Pure SU(2) Seiberg-Witten theory is geometrically engineered by the local Hirzebruch 
surface K Fo (the total space of the canonical bundle of F = x Pi). The local 
Calabi-Yau manifold K Fo has two moduli parameters tb and tf, which represent the 
Kahler parameters of the base P^ and the fiber Pj-, respectively. The parameter of the 
instanton expansion (the dynamical mass scale) A and the vacuum expectation value 
a of the scalar field in the prepotential of M = 2 theory are related to these moduli 
parameters by (/3A) 4 ~ e~ tb and 2(3 a ~ tf with being a scale parameter of length. By 
blowing up at Nf points in toric geometry we can add Nf matter hypermultiplets in the 
fundamental representation. The corresponding geometry is described by the local toric 
del Pezzo surfaces. It has been argued that the (simple) surface operator is geometrically 
engineered by a toric Lagrangian brane inserted on the inner edge of the toric diagram 
which corresponds to the base P^ of the surface [8j. We compute topological open 
string amplitudes on this local toric Calabi-Yau geometry with a brane in both A and 
B model perspectives. The disk amplitude, which corresponds to the superpotential, 
is most easily computed by the B model approach, since it is naturally related to the 
period integral. We first use the Seiberg-Witten curve which can be associated to the 
semi-classical limit of the expectation value of the energy-momentum tensor on the CFT 
side. We also make computations based on the mirror curve of the local Calabi-Yau 
geometry. In both cases we can show an agreement with CFT correlation functions with 
a degenerate field insertion. We employ the method of remodeling [271 128] in our B model 
computations. One of the advantages of this method is that we can easily increase the 
number of holes (boundaries) of the world sheet by the topological recursion relation 
coming from the matrix model [29]. Motivated by a recent suggestion in [6], we also 
compare annulus amplitude and three hole amplitude with CFT correlation functions 
with multiple insertion of $1^ operator. We again find a matching of both computations 
as far as the comparison is possible. 

For the A model computation we use the powerful method of the topological vertex 
[5U] . We first look at the decoupling limit of four dimensional gauge theory from the two 
dimensional theory on the surface. As argued in [8] in this limit the partition function 
is reduced to the generating function of the vortex counting. We show that the vortex 
counting in [8] can be successfully recovered from the localization formula on the affine 
Laumon space. From the viewpoint of four dimensional theory only the sector of vanishing 
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instanton number survives in this decoupling limit. Thus the next task is to examine the 
sector of instanton number one. The corresponding part of topological string amplitudes 
is the first order term in the Kahler moduli parameter t\, of the base V\. We check that in 
this order the open topological string amplitude on the local Hirzebruch surface exactly 
agrees with the instanton partition function with a surface operator modulo a partial 
shift of the Kahler moduli tf of the fiber Pj. by the parameter of the Q background. 
We conjecture this shift becomes trivial in the limit e 2 — » 0, while keeping t\ finite. 
Note that such a limit appears in the recent proposal of a quantization of the integrable 
system associated with the Seiberg-Witten geometry [31] (see also [32j [33j El] and a 
more recent discussion [9]). It is desirable to understand the origin of the shift as an 
effect of the presence of the surface operator, or the insertion of $i 5 2 operator to CFT 
correlation functions. The computations of topological string amplitudes in this paper 
are subjected to the condition e\ + e 2 = 0. In the A model the amplitudes in general Q 
background (ei,e2) can be computed by the refined topological vertex [35], [36], but the 
computation gets rather involved. The validity of the above conjecture should be checked 
by computing the refined topological string amplitudes. We leave these issues to future 
works. 

The paper is organized as follows: In the next section we introduce the instanton 
partition function with surface operator and review some of mathematical background 
for the relevant moduli space. In section 3, following the prescription described in [7], 
we compute the instanton partition function for pure SU(2) theory as a basic example 
of the application of the localization formula. We also consider Nf = 4 theory from 
which asymptotically free theories with Nf < 3 are obtained by the decoupling limit. 
The instanton partition functions computed by the localization formula are compared 
with the corresponding CFT correlation functions in section 4. We have to multiply 
appropriate overall factors for the matching. The origin of the factor is clarified in 
section 5, where the degeneration of the differential equations for irregular conformal 
blocks is derived from the consistency with the decoupling of the hypermultiplets on the 
gauge theory side. The latter half of the paper is devoted to the geometric engineering 
of the half-BPS surface operator in M = 2 theories. In sections 6 and 7 we take the B 
model approach based on the topological recursion relation. In section 8 we compute the 
A model amplitude by the method of the topological vertex. Basic formulas and some of 
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technical details are collected in Appendices. 

2 Instanton partition function with surface operator 

In [3] the semi-classical matching of the instanton partition function in the presence of 
a surface operator and the conformal block with the insertion of a degenerate field was 
pointed out. To establish a full agreement beyond the semi-classical limit we have to 
set up an appropriate framework of the instanton counting that incorporates the surface 
operator. In this section we review a few mathematical backgrounds following [31 [7J and 
try to make the definition of the partition function as clear as possible, since a proper 
definition of the moduli space is required to justify the computation of the partition 
function by the equivariant localization. 

Recall that one of the ways to define the surface operator is to prescribe a singular 
behavior of the gauge field [37] (see also (381 [39] f° r the surface operators in Af = 2 theories 
and [1H1 HI] for more mathematical formulation). Let us consider a gauge field on 
M 4 ~ C 2 with complex coordinates (21,22) an d assume that there is a surface operator 
at z 2 = which fills the 24-plane. If 9 is the angular coordinate of the transverse plane 
(the 2 2 -plane) to the surface operator, the gauge field diverges as 

A^dx 11 ~ diag (a%, a 2 , ■ ■ ■ ,oin) id9, (2.1) 

near the support S := {(z±, z 2 )\z 2 = 0} of the surface operator. Note that the data 
(ai, a 2 , ■ ■ ■ ,C(n) which characterize the surface operator give an element of the Lie algebra 
of the maximal Abelian subgroup U(1) N of the gauge group G = U(N). Then we can 
associate a Young diagram with N boxes (a partition of N): N = N± + N 2 + • • • + N s , 
if diag (ai,a 2 , ■■■ , ajv) commutes with L := U(N 1 ) x U(N 2 ) x ••• x U(N S ). From 
the viewpoint of the principal G-bundle this means the structure group is reduced to 
a Levi subgroup L C G on the surface. The subgroup L is identified with the Levi 
part of a parabolic subgroup P of the complexified Lie group Gc = GL(N). By a gauge 
transformation we may assume aij > aij+i. When a« are the most generic, the commutant 
is U(1) N and the corresponding parabolic subgroup becomes minimal one, namely the 
Borel subgroup B of GL(N). The corresponding surface operator is called full surface 
operator in [7J. Note that since we have fixed the ordering a± > a 2 > ■ ■ ■ > a^, the Weyl 
invariance is lost. We will see its effect on the instanton partition function in the next 
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section. Following the terminology used in the context of M = 4 gauge theory [37], we call 
the instantons with the singular behavior (12. ip "ramified" instanton j*. The "ramified" 
instantons are anti-self-dual connections on M 4 \ S and their topological indices are the 
instanton number k and the monopole number 

m := / F E A L ~ H 2 (G/h, Z). (2.2) 

For the full surface operator we can see the origin of the monopole number as follows: 
Since the gauge group on the surface is reduced to L = U(1) N in this case, we have N 
abelian gauge fields or line bundles Li, L 2 , ■ ■ ■ L N on the surface. Hence the "ramified" 
instanton has N monopole numbers 

m* := — / Fi= I Cl (Li), i = 1, 2, ■ • • N. (2.3) 



2vr „ _ 

The generating function of the instanton counting with surface operator is defined by 

oo „ 

CI = EE ^ / L ( 2 - 4 ) 

fc=0 meA L ^^N,(k,m) 

where q is a parameter of instanton expansion and AiN,(k,m) is the moduli space of 
"ramified" U(N) instantons with instanton number k and the monopole number m. If the 
theory is superconformal, we can relate the expansion parameter to the gauge coupling 
r by q = e 2mT . For asymptotically free theories it is replaced with the parameter of 
dynamical scale A with appropriate mass dimension. If we put the expansion parameter 
z associated with the monopole number to z — e 2mt , then the parameter t has the 
following meaning. As was argued by Gukov and Witten [37] in M = 4 gauge theories, 
the surface operator may be described by a coupling of four dimensional gauge theory 
to a two dimensional sigma model on the surface S with the target G/h ~ Gc/P- Then 
the parameter t is identified with the complexified Kahler moduli of the flag manifold 
Gc/P. From the view point of the sigma model the monopole number m measures the 
degrees of the map $ : S ->■ G/h. For example, when L = U(l) x SU(N - 1) C U(N), 
the target space is the projective space CP^ -1 and t is the complexified Kahler moduli 
of the projective space, which is one dimensional. In this case the monopole number is a 
single integer and the corresponding surface operator is called simple [7J. 



1 The name "ramified" comes from the fact that the ramification in the (geometric) Langlands problem 
is related to the presence of a surface operator, or a codimension two singularity in gauge theory. 
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As was discussed in [7] it is convenient to combine the instanton number and monopole 
numbers to define a vector k = (ki, k 2 ,--- , k^) as follows^: 



k\ = k, fcj+i - ki = mi. (2.5) 

The moduli space M- N % of the "ramified" instantons with the topological number k 
has real dimension A{k\ + k 2 + ■ ■ ■ + k^). Since we integrate 1 over the moduli space 
in (I2.4p . we may expect it computes the volume of M. N j:- However, the moduli space 
is highly singular and "non-compact ". Hence we have to regularize the integral. To 
overcome the problem we can employ the strategy that was used to derive the Nekrasov 
partition function. We consider a natural toric action of T on the moduli space and the 
integral is regularized as the equivariant integral, or the push- forward to the equivariant 
cohomology of a point Hj(pt). In the next section we will compute the equivariant 
integral by using the localization formula. But the use of the localization theorem is 
mathematically justified only when the moduli space is smooth. However, M. N % suffers 
from various types of singularities, which keeps us from applying the localization formula. 
A standard method to handle such a problem is to consider torsion free sheaves with 
an appropriate stability condition; see [7J and literatures in mathematics cited therein. 
The use of torsion free sheaves for the instanton counting without surface operators is 
clearly explained in [12J H3]. It is shown that torsion free sheaves are also useful for 
constructing a Uhlenbeck space for the instantons with a parabolic structure [44] . For 
general gauge group G the existence of a smooth moduli space is still open problem, 
even if we shift the construction of a smooth moduli space to the problem of torsion free 
sheaves. Fortunately for G = U(N) a resolution of singularities M. N ji — > -Mjvfc (called 
small resolution in mathematics) is successfully constructed^. The smooth moduli space 
M N h can be regarded as an affine version of the Laumon space and called affine Laumon 
space in mathematics [45, 46J. According to the description in [7J it consists of the 
equivalence classes of the following data up to gauge transformations: 

• stable rank iV torsion free sheaves on P 1 x P 1 with a given topological number k, 

• a fixed framing at infinity {zi = oo} U {z 2 = oo}, 

2 In [m [TB] it was pointed out that it is natural to combine k with from the viewpoint of the affine 
Lie algebra. 

3 We would like to thank K. Nagao for explaining this fact. 
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• a reduction of the gauge group GL(N) to a parabolic subgroup P on the surface 
{z2 = 0}, which is called a parabolic structure. 

It is remarkable that in the definition of the affine Laumon space -M N ^, a "compactifi- 
cation" of C 2 is given not by P 2 but by P 1 x P 1 . The standard toric action (21,^2) — > 
(e ltl ■ zi,e te2 ■ Z2) on C 2 survives after this "compactification" . Thus we can consider the 
fixed point of the toric action of T := U(l) 2 xU(l) N C SO (A) x U (N) on the moduli space 
of "ramified" instantons, which is familiar in the computation of the Nekrasov partition 
function. In [11] it was shown that the fixed point is isolated and labeled by an iV-tuple 
of Young diagrams A = (Ax, A2, - ■ • Ajv)- However, we should warn that the manner how 
these Young diagrams appear is rather different from the case of the standard instanton 
where the moduli space is constructed by ADHM data. In fact the constraints imposed 
on the iV-tuple of Young diagrams A are 



where Ajj is the length of the j-th row of the Young diagram Aj and we define Ajj 
for i > N by requiring \i + N = Aj. Thus the fixed points on the moduli space M. N % 
are in one to one correspondence with A that satisfies the condition ( 12. 6p . Because the 
affine Laumon space is smooth, we can consider the tangent space at each fixed point 
with complex dimension 2{k\ + &2 + • ■ • + fc/v)- At fixed points the toric action induces 
a structure of U(l) 2 x U(1) N module on the tangent space. In [11] the structure of 
this module was determined and a formula of equivariant character was provided, which 
allows us to compute the instanton partition function ( 12. 4 p by the localization theorem. 

It is amusing that a closely related moduli space was already appeared in a proof of 
the Nekrasov conjecture from the viewpoint of integrable system and the representation 
theory of the affine Lie algebra [m [IB] , where the moduli space of the instantons with 
parabolic structure was introduced. In [T5J, [16] the Uhlenbeck compactification of the 
moduli space |H] and a sophisticated theory of the intersection cohomology were used 
to compute the equivariant integral. On the other hand the affine Laumon space pro- 
vides a semi-flat resolution of singularities and we can apply the standard theory of the 
equivariant cohomology and the localization theorem to compute our partition function 




(2.6) 
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3 Equivariant localization on affine Laumon space 



In this section, following the method of computation in [7], we work out a few examples 
of the instanton partition function in the presence of the surface operator by localization 
formula. As was discussed in the last section if the gauge group is U(2), the fixed points 
are isolated and labeled by a pair of Young diagrams The measure of the localization 
formula at each fixed point is obtained from explicit computations of the equivariant 
character of toric action on the affine Laumon space. Fortunately we have a formula 
of the equivariant character derived in [11] , which is given in Appendix A (see also eq. 
(3.10) in H). 

3.1 Pure Yang-Mills theory 

Let us assume that all the fields in the theory are in the adjoint representation. The so 
called M = 2* theory with a massive adjoint matter, which is a deformation of M = 4 
conformal theory is a typical example. Pure Yang-Mills theory, which can be obtained 
by decoupling the adjoint matter of M = 2* theory, is an example of asymptotically free 
theories. In this case we only need the diagonal component of the equivariant character 
provided in Appendix A, where we set a = b and A = fi. The fixed points of the toric 
action are labeled by a pair of partitions A := (Ai,A2) and X m ,n = A m+ 2, n denotes the 
n-th component of the partition A m . The vacuum expectation values of the scalar fields 
afc are also defined with dk+2 = Qfc- At each fixed point A the formula in Appendix A 
gives many terms in general. But after several cancellations the final result should be a 
sum of 2 1 A | monomials with |A| = X]^Li(^i,n + ^2,n) : 

2|A| 

ch(a fc ,ei,e 2 ) := Tr Ext(XX) # = JV\ (3- 1 ) 

i=l 

where each power is a linear combination of ei, e 2 and a^. 

By the localization theorem the instanton partition function with a (full) surface 
operator is computed as follows [TJ: 
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The equivariant character (13.11) gives n matte r(A; a, m) := n a dj(A;a,m) for the adjoint hy- 
permultiplet with mass m and n gauge (A,a) := n a dj(A;a,0) for the vector multiplet. For 
cohomology version we have 

2|A| 

n adi (\;a,m) = Y\_(si - m), (3.3) 

8=1 

while for iT-theory version it is 

2|A| 

n adj (A;a,m) = Jj2sinh(( Si -m)/2). (3.4) 
i=l 

In (13.21) x, y are (formal) expansion parameters and topological numbers are defined by 

fe l(A) := ^ Ai ;2n -1 + ^ A 2 ,2n> fc2(A) := ^ Ai ;2n + ^ A 2 , 2w -i- (3.5) 

n>l n>l n>l n>l 

We see that k\ + fc 2 = |A|. The relation to the instanton number k and the monopole 
charge m on the surface is given by 

k = ki, m = k 2 — k\. (3.6) 

Note that we have both positive and negative monopole charges. 

In view of the comparison with CFT correlation functions let us look at the cohomol- 
ogy version: 

^(x,y; ei ,6 2 ,a,m) = ^^(V 2(X) I1^^. (3.7) 

A 4=1 

This is the instanton partition function for the mass deformed M = 4 theory. In the 
massless limit it just counts the number of fixed points with weight x kl ^y k2 ^ x \ In the 
decoupling limit (m — > oo), by renormalizing the parameters x, y by m 2 , we have 

4*L (A^i, e2 ,a) = £A^ X) A 2 fc2(X) n-, (3.8) 

A 4=1 

where Ai = m?x and A 2 = m?y. The condition of vanishing monopole charge is k := 
ki(X) = k 2 (X) and in this case |A| = 2k. Restricting to this sector the partition function 
becomes 

Ak 1 

zg= 0) (A,;e 1 ,e 2 ,a)= £ (AiA 2 ) fc J^J — . (3.9) 

k=k 1 (\)=k 2 {\) i=l 
11 



From the formula in Appendix A we have computed the characters ch(a&, e x , e 2 ) for 
lower instanton numbers. We can see that in general the character at (A2, Ai) is obtained 
from that at (Ai, A2) by the transformation {a\ — a 2 ) — > (a 2 — cli) — £2 and (02 — a x ) — > 
(a x — a 2 ) + e 2 . Our computation gives the following partition function for pure gauge 
theory: 

1 A 1 A 

= H ; rAi H ; -A 2 

ei(-2a + ei) ei(2a + ei + e 2 ) 

_j_ \ a 2 + - A 2 

2e x 2 (-2a + e x )(-2a + 2e x ) 1 2e l 2 (2a + e x + e 2 )(2a + 2e x + e 2 ) 2 

/ 1 1 1 . ^ 

+ \e x e 2 (2a)(-2a + ei) + e 1 2 (-2a)(2a + e 2 ) + eie 2 (2a + e x + e 2 )(-2a - e 2 ) ' " '" ~ 

_j_ I A 3 

6ef(-2a + e 1 )(-2a + 2e 1 )(-2a + 3e 1 ) 1 

1 1 

+ I —77 : w~ w ~ . w „ . ~ , + 



ei 2 (-ei + e 2 )(2a)(-2a + e x )(-2a + 2e x ) e 1 e 2 (e 1 - e 2 )(2a)(-2a + e x )(-2a + Cl + e 2 ) 
' + ,,,, r^7 „_ ; 1 -TTTr: ; , ; rr l A?A 2 



+ 



2 Cl 3 (2a - ei + e 2 )(-2a)(-2a + ei) e 1 2 e 2 (-2a)(-2a + e x - e 2 )(2a + e x + e 2 
1 1 



ei 2 e 2 (-2a + ei)(2a + e x )(2a + e 2 ) 2 Cl 3 (-2a - e x )(2a + e 2 )(2a + ei + e 2 ) 

1 

ei 2 (-ei + e 2 )(-2a - e 2 )(2a + e x + e 2 )(2a + 2e x + e 2 ) 

_l \ ] A A 2 

eie 2 (ei - e 2 )(-2a - e 2 )(2a + e x + e 2 )(2a + e x + 2e 2 ) / 1 2 

+ ^7 77 " 77 7 A 2 + 0(Af), (3.10) 

6e?(2a + e 1 + e 2 )(2a + 2e 1 + e2)(2a + 3e 1 + e 2 ) 2 V l> V ; 

where we have set a :— a x — —a 2 . As we will see in the next section, up to this order 
the partition function =0 (Ai; e x , e 2 , a) completely agrees to the result which is obtained 
from the differential equation for CFT one point function with $ 12 insertion. This means 
that Z^^ (Aj; e x , e 2 , a) satisfies the differential equation in the Appendix of [T7], after 
the substitution Ai = — z -1 A 2 , A 2 = — zA 2 , where z is the position of the degenerate field 
insertion. 

The free energy is defined by 

F^% (Ai; e x , e 2 , a) = \ogZ^ s) =Q (A l ;e x ,e 2 ,a). (3.11) 
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2 3 

Using log(l + x) = x — ^ + y + • • • , we find 

_ 1 ^ J 1 yY - A 2 

ei(-2a + e x ) 1 e l (2a + e 1 + e 2 ) 2 2 Cl (-2a + ei ) 2 (-2a + 2 ei ) 1 
1 .o 2 



A 2 777— 1 777^ 7 A 1 A 2 



2ei(2a + ei + e 2 ) 2 (2a + 2ei + e 2 ) eie 2 (2a + ei + e 2 )(2a - e x 
2 2 



A ? + 77"^ 7777; n 777; o 7 A " 



3ei(2a - ei) 3 (2a - 2e 1 )(2a - 3ei) 1 3ex(2a + e x + e 2 ) 3 (2a + 2ei + e 2 )(2a + 3e x + e 2 

-A 2 A 



2 



2 



ei(2a - ei ) 2 (2a - 2e 1 )(2a - e t - e 2 )(2a + e a + e 2 ) 

2 

+ — TT77 T7 T7 -A!A 2 + 0(Af). (3.12) 

e 1 (2a + e 1 + e 2 ) 2 (2a-e 1 )(2a + 2e 1 + e 2 )(2a + e 1 + 2e 2 ) 2 1 l) K J 

Note that the higher pole of e\~ 2 disappears in the free energy. The above expressions 
are not invariant under the Weyl group action a — > —a of SU(2). However, by the shift 
2a := 2a + we may recover the invariance under a — > —a. 

In the free energy (13.1 2D the pole structure of the terms with non- vanishing monopole 
number (A™ A™, (n 7^ m)) is e^ 1 , while that of zero monopole part is (eie 2 ) -1 . Thus 
it is natural to compare the zero monopole number terms of the free energy with the 
Nekrasov partition function. Up to three instantons we obtain 



? (m=o) rA x = 2AxA 2 iV 2 A 2 A 2 

Nf=0 J ' ei ' e2 ' aj e l e 2 D 1 {a)D 1 {-a-e 2 /2) e 1 e 2 D 2 {a)D 2 {-a - e 2 /2) 

3 cie 2 D 3 (a)D 3 (-a - e 2 /2) 



with 



N 2 
N 3 



D x {a) := (2a + ei + e 2 ), 
^(a) := (2a + 2ei + e 2 )(2a + e 1 + e 2 ) 2 (2a + ei + 2e 2 ), 
= (2a + 3e a + e 2 )(2a + 2e 1 + e 2 )(2a + e 1 + e 2 ) 3 (2a + ei + 2e 2 )(2a + e a + 3e 2 ), 
= 20a 2 + 10e 2 a + (7e 2 + lle^ + 2e 2 ), 

: 144a 4 + 144e 2 a 3 + (232e 2 + 416eie 2 + 88e 2 )a 2 + (116e 2 + 208eie 2 + 26e 2 )e 2 a 
+ (29e 4 + 116e?e 2 + 118e 2 e^ + 13eie^ + 3e£). (3.14) 



On the other hand the free energy of the Nekrasov partition function is 



4 /\K Nek )A8 /\r( Nck )Al2 

-a) 

(3.15) 



(Nek),. 2A 4 Nr >A* 16 Nr 'A- n( A i 6 

Nf=o( ;ei ' e2 ' Gj ~ e 1 e 2 D 1 (a)D 1 (-a) ei e 2 D 2 (a)D 2 (-a) + 3 e 1 e 2 D 3 (a)D^-^ +U{A 
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with 

Af ek) : =20a 2 + (7 e ? + 166 ie2 + 7^), 

^(Nek) ;= M4a 4 + (232e 2 + 56geie2 + 23 2e 2) a 2 

+ (29e? + 154e?e 2 + 258e^ + 154e^ei + 29e^). (3.16) 

The free energy of the Nekrasov partition function is symmetric under both a — > —a (the 
SU(2) Weyl invariance) and e\ -h- e 2 . However, the existence of the surface breaks these 
symmetries, even in the vanishing monopole sector. One may argue the origin of this 
discrepancy from the view point of CFT correlation function with $i j2 operator insertion. 
The comparison of (13. 13ft and ( 13. 1 5f) suggests a simple rule of translation between the 
denominators. We will encounter a similar rule in the computation of open topological 
string amplitudes by the topological vertex. It is very curious that up to three instantons 
both the free energies give the same result in the limit e 2 — > 0. Thus we conjecture that 

lim e x e 2 F^~ 0) (A;; e x , e 2 , a) = lim e x e 2 F^^(A; ei, e 2 , a). (3.17) 

with A 4 = AiA 2 . If we assume a complete agreement of the instanton partition function 
with a surface operator and the CFT correlation function with a degenerate field insertion, 
which we confirm in lower orders in the instanton expansion, the conjecture follows from 
theorem 1.6 in [16J. This is because the differential equation for the CFT correlation 
function with a degenerate field insertion coincides with the one derived by Braverman 
and Etingof [Hj. 

3.2 Nf = 4 theory (superconformal case) 

The equivariant character Tr Ext( -^[diag.(ei, e 2 ; a, b)} at a fixed point of the toric action 
on the affine SU(2) Laumon space is given in Appendix A. After the summation over all 
the contributions, the equivariant character Tr Ext( -^ ^ [diag.(ei, e 2 ; a, b)} is expressed as a 
sum of |A| + monomials: 

Tr Ext(A ^ ) [diag.(e 1 ,e 2 ;a,6)]= £ e% (3.18) 

i=i 
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where each power S{ is a linear combination of e±, e 2 , Q-k and bj,. Then the basic ingredient 
in the following computation is 



i=i 



ni[X, fl\(a, b ; m) :— J (sj — m), (3.19) 



which was originally denoted by z^ i{ in [7J . This is the contribution of the bifundamental 
matter hypermultiplet in the localization formula of the instanton partition function in 
the presence of the (full) surface operator. 

To reformulate the instanton partition function Alday and Tachikawa [7J introduced 
a Hilbert space "Hf with basis |A)). The inner product is defined by 

«%» = (3.20) 

where n vec [A](a) := n^[X, A] (a, a ; 0). We will need the operator that counts the topolog- 
ical number: 

K l \X)) = k i (X)\X)). (3.21) 
Alday- Tachikawa also introduced the intertwining operator $^ : H§ — > , which is 

J of a,m,b b a ' 

defined by 



*Ld*»s = — ^E n /[^ X K«,& ;m)\fih. (3.22) 

' ' n vec [A](6) - 

Then the instanton partition function with four flavors in the presence of the surface 
operator is given by the following 'vacuum' expectation value (eq. (3.21) of [7]): 

Z^ i Ua,M l ,e 1 ,e 2 ;x,y) = ai ((0|<, mi , a x^/ 2 $f jm2ia2 |0)) a2 , (3.23) 

where x and y are formal parameters of topological (instanton-monopole) expansion. The 
mass of the hypermultiplets gives the parameters and rrii in AGT like fashion: 

a x = Mi - M 2 , m 1 = M x + M 2 , 

a 2 = M 3 - M 4 , m 2 = M 3 + M 4 . (3.24) 



The above reformulation is convenient for identifying the partition function with the 
conformal block on the sphere with four puncturesj. Inserting a complete system of "Hf 



4 If we have an adjoint matter the partition function is given by the trace over since it should be 
identified with the conformal block on the torus with a single puncture. 
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in the intermediate channel we obtain 

Z^%,(a,M i ,e 1 ,e 2 ;x,y) = ^^ l( V 2(X) Kec[A](a)) ai ((0K, mi ,JA)) a • a <<A|$f )ro2 J0>} a2 

A 

^ n vec [A](a) 

Hence to compute Z^ =4 (a, M i} e\, e 2 ; x, y) we only need the equivariant character where 
one of the pairs of partitions is trivial. In this case among eight types of contributions 
given in Appendix A only two terms survive, which give 

Tr„ ^raJcl = - e afe ~ bl e ei ~ £2 ^ J - __: _ e afc+1 ~ b2 e ei ~ e2 ^~2 



Ext(A,0)iyJ L^^ e £1 - 1 ^ " e £1 - 1 ' 

fc>i fc>i 

(3.26) 

and 

Tr Ext( ^M = E eQl ' fefc+le£l+£2L|+|J C + - l" 1 + E ea2 " fceei+£2L|J ^i 1 - ( 3 - 27 ) 
fe>i fe>i 

From (I3.26P and (I3.27P we obtain the data for n?[A, 0](o, b ;m), which leads the partition 
function: 

Z^ f L 4 (a,M i ,ei,e 2 ;a;,y) 
_ (-o + ei -2Mi)(a-2M 3 ) (a + e x + e 2 - 2M 2 )(-a - 2M 4 ) 
ei(-2a + ei) X+ e!(2a + e! + e 2 ) ^ 

(-a + ei - 2Mi)(-a + 2e x - 2M x )(a - 2M 3 )(a - ei - 2M 3 ) 2 
+ 2ei 2 (-2a + ei )(-2a + 2ei) X 

(a + ei + e 2 - 2M 2 )(a + 2e ± + e 2 - 2M 2 )(-a - 2M 4 )(-a - e a - 2M 4 ) 2 
+ 2ei 2 (2a + ei + e 2 )(2a + 2ei + e 2 ) y 

(-a + ei - 2Mi)(-a + d + e 2 - 2M 2 )(a - 2M 3 )(a - 2M 4 ) 
+ ei e 2 (2a)(-2a + ei ) %V 

(-a + e x - 2Mx)(a + e x + e 2 - 2M 2 )(a - 2M 3 )(-a - 2M 4 ) 
+ ei 2 (-2a)(2a + e 2 ) %V 

(a + ei + e 2 - 2Mi)(a + e x + e 2 - 2M 2 )(-a - e 2 - 2M 3 )(-a - 2M 4 ) ^ 
eie 2 (2a + ei + e 2 )(-2a - e 2 ) 
+ (3.28) 

The instanton partition functions with surface operator for asymptotically free theories 
with Nf < 3 can be obtained by the decoupling limit, where the expansion parameters 
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x, y are promoted to Ai, A2 with appropriate mass dimension. There are several choices 
of the set of Mj's with Mj — > 00. In any case one of the characteristic features of the 
decoupling is that not only the denominators but also the numerators of the x 2 and 
y 2 terms are of factorized form. This is because there is only one fixed point with the 
corresponding topological number. In [7J it is observed that up to an appropriate U(l) 
factor the above partition function (13.281) coincides with the four-point conformal block 
of SL(2) current algebra on the sphere with an insertion of the operator K, which was 
introduced in [7J. In sections 4 and 5 we will explicitly check that the partition function 
(I3.28P and its decoupling limit also agree with the Liouville correlation functions on the 
sphere with a degenerate field insertion; see subsection 5.5 for a summary and a rule of 
the correspondence. 

One can check that the free energy F^^_ 4 (a, Mi, e 1; e 2 ) = log Z^ =A (a, M i} e 1; e 2 ) has 
a correct pole structure, namely the poles of x 2 and y 2 terms are e^ 1 , while that of xy 
term is (eie 2 ) _1 . However, the explicit form is rather lengthy. We only quote the lowest 
terms: 

l( s) f „, v, 1 (a + 2Mi)(o - 2M 3 )(3a 2 + 2a(M 1 - M 3 ) + AM.Ms) 



lim ei ■ >(a,M i ,ei,62 Jlx * - - — = 

(s) 1 (a-2M 2 )(a + 2M 4 )(3a 2 + 2a(M 4 -M 2 )+4M 2 M 4 ) 
lun ei ■ ^44(^^,61,62)12,2 = — 

lim 6ie 2 • >(a,M i ,6i,6 2 )\ X y 

ei,62->0 

-a 4 + 4(M!M 3 + M1M4 + M 2 M 3 + M 2 M 4 - M X M 2 - M 3 M 4 )a 2 - 16M!M 2 M 3 M 4 
= 2^2 ' 

(3.29) 



4 CFT correlation functions with degenerate field 
insertion 

In [3] it was claimed that the surface operator S C 1R 4 in the supersymmetric gauge theory 
with eight supercharges corresponds to the degenerate primary operator <3>i )2 (z) in the 
Liouville CFT. An explanation of the correspondence from the viewpoint of the M2/M5- 
brane system was also given. Since the operator $i )2 (^) which has the momentum — ^ 
satisfies the null state condition (b 2 L 2 _ 1 + L_2)^i,2{ z ) — , when it is inserted in any 
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CFT correlation functions, we have 



b 2 d 2 z $ h2 (z) = - : T(z)$w(z) :, (4.1) 

where T(z) is the energy momentum tensor and : : denotes the normal ordering. When 
the operator $1,2(2) is inserted, the correlation function has an additional dependence on 
the position z of the degenerate operator. One of the points in [3] is that this dependence 
appears in the subleading term of the semi-classical approximation: 

V{ai,z) := ($i, 2 (z)V mi (zi) ■■■V mn {z n )) {ai} 

~e X p(-^+*%i) + ...Y 



h 2 bh 

Recall that the original observations of [2] are that 

Zifli) := (V mi ( Zl ) ■ ■ ■ V mn (z n )) {ai} ~ exp + •■ ■) (4.3) 

coincides with the Nekrasov partition function and that 

(T(z)V mi ( Zl ) ■ ■ ■ Vm n (zn)} {ai } ~ -^0 SH/ (2)(F mi (^i) • • ■ V^))^}, (4.4) 

where x 2 = <p sw (z) gives the Seiberg-Witten curve which is a double covering of the punc- 
tured Riemann sphere. In asymptotically free theories we should consider the correlation 
functions with respect to the state introduced by Gaiotto [13] . It is natural to call them 
irregular conformal blocks, since the differential equations for such correlation functions 
have irregular singularities in general. In the appendix of [T7] it was noticed that the 
differential equation for irregular conformal blocks with $ li2 (z) insertion coincides with 
the differential equation for the instanton partition function with parabolic structure 
derived in [16] . Based on these works we expect that the instanton partition functions 
computed in section 3 by localization formula are obtained from the one point function 
of $1,2(2) with respect to the Gaiotto state. In this section we check the correspondence 
for Nf = 0, 1 and 2 (see also the next section for the discussion by degenerations from 
the super conformal theory with Nf = 4). In section 4.4 we consider the multi-point 
irregular conformal blocks which should correspond to the instanton partition functions 
with multi-surface operators. 
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4.1 Pure 577(2) 

Let us consider the (normalized) correlation function 

7 <o), ,i (A-,A|^(;)|A + ,A> <I><°>(;,g, A) 1 
Z-(*,a,A):= (A„,A|A a ,A> =: Z <»> (a , A) ■ ^ : = A ( a± S >. < 4 ' 5 > 

where A a := A(a) := (6 + 5 _1 ) 2 /4 — a 2 is the conformal dimension and $1,2(2) is the 
degenerate primary field with the conformal dimension = —1/2 — 3/(46 2 ). The 
Gaiotto state | A, A) is the state in the Virasoro Verma module V(A, c) with the conformal 
dimension A and the central charge c = 1 + 6(6 + 6 -1 ) 2 , which is characterized by 

Li|A,A> = A 2 |A,A), L 2 |A,A) = 0. (4.6) 

There is an ambiguity in the choice of the conformal weights A± := A(a±) of the 
Gaiotto state. According to the fusion rule of $1^ operator, (A_, A|$i i2 (-2;)|A + , A) is 
non- vanishing if and only if a + — a_ = The above choice a± = a ± ^ is the 

symmetric one, which leads a result that is invariant under a — > —a. 

In [13] it was conjectured that Zc (a, A) coincides with the Nekrasov partition func- 
tion in the pure SU(2) supersymmetric gauge theory, which has been proved in [48J. 
According to the appendix of [IT], by putting ^ (0) (z,a,A) = z A -- A +~ hl > 2 Y(°\z,a,A), 
one obtains the second order differential equation^: 



(1 9 \2 d .,, u Ad 



F (0) (^,a,A) = 0. (4.7) 



Since we want to compare the instanton partition function computed in the previous 
section by localization theorem with solutions to the differential equation (|4.7|) . we look 
for a solution of the form 

00 

r( )(^,a,A) = ^A 2 "Fi°)(z,a) (4.8) 

n=0 

with the initial condition Yq°\z, a) = 1. It is convenient to introduce a mass scale h and 
scale the parameters as follows: 

a -> % A -> T (49) 

5 Note that the operator $1,2(2) in this paper corresponds to $2,1(2) in the convention of [17] . 
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We also introduce the parameters e\ = bh, e 2 = b~ l h corresponding to the parameters of 
the Q background of Nekrasov. Then we find the following differential equations for the 
coefficients Yn(z,a) in the expansion ( 14. 8ft . 

(eiz—^j + 2ae 1 z— + ^e 1 e 2 Y<?\z, a) + (z + z^Y^z, a) = 0, n > 1. (4.10) 

A power series solution to ( 14.101) is given by 

00 A {o) 4 (o) 

F " ( "' a) " 1* ' " ^ " " Cl (2ak + e^ + \ne 2 y ^ 

k=—oo V A J 

and we find the following lower order terms in the expansion (14. 8ft , 



WW) = —— 7" " ~nr ~ , sr . (4-12) 



1 



ei(-2a + ei + f )z ei(2a + ei + ^ ' 



K^Z, «) = „o, „ . . — ... . ^ o + 



1 2ei + e 2 



2e 2 (-2a + ei + f )(-2a + 2 Cl + f )^ 2 e 2 e 2 (-2a + Cl + f )(2a + ei + f ) 

(4.13) 



z 2 



2e 2 (2a + ei + f)(2a + 2 ei + ^ 



2 

r„ (0 W) = 1 



3 v ' 7_ 6e 3(_ 2a + ei + |L)(_2a + 2ei + f)(-2a + 3ei + f)z 3 

16e 2 + 14eie 2 + 3ef. - 16aei - 4ae 2 
~4e 3 e 2 (-2a + 7 X + f )(-2a + 2 Cl + f )(-2a + ^ + ^ )(2a + e x + f )z + " ' ' 

(4.14) 

If we make the shift that was discussed in the last section to make the partition function 
invariant under the SU(2) Weyl transformation a — > —a, then (I4.12p - (I4.14p completely 
agree to the instanton expansion (I3.10P of the partition function of pure SU(2) theory. 
The free energy is defined by 

zP(a,A) 

(4.15) 



F^(z, a, A) := log Z^(z, a, A) = (^+3 + 4^) bg * + ^ 



and then we obtain 



^null^J a 



, A) = i {f1? + ( ei FW + e 2 i$) + 0(e 2 )} , (4.16) 



where the leading term is 

, 0) , a z 2 -\ k2 ^ 4 -1 a4 2 6 + 3z 4 -32 2 -1 a6 52 8 + 16^-162 2 -5 a8 
= log^ a A 5-rrA ^ A =— A A 8 +- • • 

_1 6 2a2 16a% 2 48a 5 z 3 512a 7 z 4 

(4.17) 
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4.2 SU(2) with one fundamental matter 

Next, we consider the correlation function 

7 (1) (z a m \) - (A-,A,m|$ 1|2 (s)|A + ,A) ^{z,a,m,A) 

(A a , A,m|A a , A) Zc (a,m, A) 

where the Gaiotto state |A, A,m) in the Virasoro Verma module V(A, c) satisfies 

L 2 |A, A,m) = -A 2 |A, A,m), L X |A, A) = -2mA|A, A, m). (4.19) 

The denominator Z^\a,m,A) of (I4.18P coincides with the Nekrasov partition function 
of SU(2) supersymmetric gauge theory with one fundamental matter [13|,|l8]. By putting 
ty^(z, a, m, A) = z A ~~ A+ ~ hl ' 2 Y( 1 \z, a, m, A), one obtains the second order differential 
equation, 



F (1) (2,a,m,A) = 0. 

(4.20) 

By the decoupling limit of the matter m — >■ oo, — 2mA 3 — >■ A 4 ,4m 2 ;z 3 — > A 2 z 3 , the 
differential equation (14.20p is reduced to ( 14. 7ft . After introducing the mass scale h as 
1~9|) and m — )■ m//?,, we obtain the following solution to ( I4.20p . 

oo 

Y^\z,a,m, A) = ^ A^ 1 '^, a, m), y o (1) (z,a,m) = 1, (4.21) 

n=0 

oo 

ri 1 )(^,a,m)= £ A[ 



n,k Z > 



fc=— oo 



4(1) _ 4« +?mA {1) 

e x {{2a + ~e 2 )A; + e^k 1 + ine 2 ) 



Lower order terms in the expansion ( 14.211) are given by 

2\J 



F 3 (1) (2;,a,m) 



2 1 ' ' ] e 1 (-2a + ei + f )z + 4e?(2a + Cl + f )(2a + 2 £l + f ) ' l ^ 4j 

-2m(2ei + e 2 



e 2 e 2 (-2a + ej + f )(2a + e x + f ) 

m(10e 2 + 3eie 2 + 12ae x + 8m 2 )z 3 
+ 6e 3 (2a + 7 X + f )(2a + 2ei + f )(2a + 3d + f ) ' 
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(4.25) 



Mimicking the prescription for the Nekrasov partition function [2], we multiply Y^'(z, a, m, A) 
by an overall factor exp(— Az/ei), 



yW(z, a, m, A) := e~^ z Y^\z, a, m, A) = ^ A n F n (1) (^, a, m), (4.26) 

n=0 

to obtain^ 

x (2m — 2a — ei — 4f-)z 
ei(2a + ei + -f) 

-1 , (2m-2a-6 1 -f)(2m-2a-36 1 -f)z 2 

2 ^' a ' mj "e 1 (-2a + 6 1 + f)z + 26?(2a + ei + f)(2a + 2e 1 + f) ' ^ 



;(i) , , _ 2m(2ei + e 2 ) - 2ae 2 - eie 2 - -f 



^3 (z,a,m) 



e?e 2 (-2a + Cl + f )(2a + e x + f ) 

(2m - 2a - ei - f )(2m - 2a - 3e 1 - f )(2m - 2a - 5e 1 - f)z 3 



6e?(2a + e 1 + f)(2a + 2ei + f)(2a + 3e 1 + f) ' 
We find an agreement with the computation in the gauge theory. Namely ( I4.27P - (I4.29P 
is consistent with the decoupling limit of the partition function (I3.28p . Especially the 
numerators of the coefficients of z 2 and z 3 are of factorized form, which is not the case in 
(I4.23P - (I4.25p . The multiplication of the overall factor is crucial for this factorization, 
which is a feature of the localization computation formula on the gauge theory side. As 
in the case of pure Yang-Mills theory, the free energy is 

F^(z,a,m, A) := log Z^(z, a, m, A) = I {f^ + (e^ + c 2 F$) + 0(e 2 )} (4.30) 

and the leading term is 

rr\ , . mz, (a 2 — m 2 )z 3 + 2a 2 . 9 m(a 2 —m 2 )z 3 ^ 

FiV = log 2 a + —A + ^ -L A 2 - A 

a Aa 6 z oa° 

f (a 2 - m 2 )(a 2 - 5m 2 )z i (a 2 -m 2 )z 1 | 4 

\ 32a 7 4a 5 16a 3 ^ 2 J ' 1 J 

4.3 SU(2) with two fundamental matters (first realization) 

Let us concentrate on the first realization |4T| [13] of SU(2) theory with two fundamental 
matters and consider the correlation function 

' (A ,A,m 2 |A a ,A,m,) zffa.mi.A) ^ 



6 The origin of the overall factor is made clear in the next section where we discuss the decoupling 
limit at the level of differential equations. 
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where by multiplying an overall factor, exp(— 2A 2 /eie 2 ) ■ zi 2 \a, rrii, A) coincides with the 
Nekrasov partition function after the scaling A — > 2A [13, 48j. In parallel with the above 
computations, by putting ^^ 2 \z, a, rrii, A) = z^-~ A+ ~ hl < 2 Y( 2 \z, a, rrii, A), one obtains the 
second order differential equation, 



/ Q \ 2 q Ad 

(bz—) + 2abz— - A 2 (z 2 + z~ 2 ) - 2A(m 2 z + m 1 z~ 1 ) + -— 
V ozJ oz 2 a A 



Y (2) (z,a,mi,A) = 0, 
(4.33) 

where by the decoupling limit of the two fundamental matters m ; — > oo,mjA — > —A 2 /2, 
we see that the differential equation (I4.33[) is reduced to (14. 7L By introducing the mass 
scale h as (14.91) and rrii —±mi/h, we obtain the following solution to (14.331) . 

oo 

Y®(z,a,mi,A) = ^ A n Y^ 2 \z, a, rm), Y£ 2) (z,a,mi) = 1, (4.34) 

71=0 

OO 



k=—oo 



,(2) c ,(2) Ai-2,fc-2 + ^i-2,fc+2 + ^( m ^n-l,k~l + m l^i-l,fc+l) /, e\ 

• 4 " = 4 " A "* = e 1 (2at + e 1 F + ln £2 ) ' (4 ' 35) 



with 



(2) 2e\ + eie 2 - 4ae x + 8m? 
F 2 '{z, a, rrii) - 



4e 2 (-2a + e 1 + f )(-2o + 2ei + f)z 2 

4mim 2 (2ei + e 2 ) (2e| + eie 2 + 4aei + 8m^ 2 

e?e 2 (-2a + ei + f)(2a + ei + f) 4e 2 (2a + e x + f )(2a + 2e x + f ) ' [ ' ' 

3 lZ ' a ' mjj "6e?(-2a + 6 1 + f)(-2a + 26 1 + f)(-2a + 36 1 + f)^ + " 
As before, multiplying Y^ 2 \z, a, m^, A) by an overall factor exp(— A(z+z~ 1 )/ei— 2A 2 /eie 2 ), 

2 00 

r (2) (^,a,m 4 ,A) := e~n ( * + * _1) e"^Wy^(z, a, m i; A) = A n f n ^(z, a, m 4 ), (4.39) 

n=0 
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+ •••, (4.41) 



we arrive at 

~ (2) 2m 1 + 2a-e 1 -f (2m 2 - 2a - e 1 - f )z 

r, [z,a,mj = — ; r=- H ; r= — , 4.40 

1 V ' ' ; ei(-2a + e x + f )z e x (2a + ei + f ) ' 1 ; 

~ (2 ) _ (2mi + 2a - ei - f)(2mi + 2a - 3ei - f ) 

2 ^ a ' m ^" 2e ?(-2a + e 1 + f)(-2a + 2e 1 + f)z 2 

(2m 2 - 2a - ex - f )(2m 2 - 2a - 3ei - f )z 2 
+ 2e 2 (2a + ei + f)(2a + 2 ei + f) 

~ (2 ) _ (2mi + 2a - e x - f){2 mi + 2a - 3ei - ^){2m 1 + 2a - 5e 1 - f ) 

3 ^' a ' m * j 6e 3 ( _2a + ei + f)(-2a + 2 ei + f)(-2a + 3 ei + f)z 3 + '"' 

(4.42) 

Again we find an agreement with the decoupling limit of the partition function (I3.28j) 
computed by the localization theorem on the gauge theory side. The multiplication of 
the overall factor makes the numerator factorized. The free energy is 

F®(z,a,mi, A) := log Z^(z, a, m u A) = 1 [f® + (e.F^ + e 2 F$) + 0(e 2 )} , 
where the leading term is 



(4.43) 



F<? = log z° - mi ' m2 ^A + "h a -a a + (a a -mi)^ Aa + 
az 4a d 2; 2 

4.4 Multi-point irregular conformal block 

In the above computations, we explicitly checked that a single surface operator in SU (2) 
gauge theories corresponds to the degenerate primary operator <3> 12 (z) on the CFT side. 
It is natural to expect that the multi-surface operators correspond to the multi-degenerate 
primary operators $1,2(21), $1,2(2/1). Here we introduce the multi-point irregular 
conformal blocks which are to be compared with the computations in the B model in 
sections 5 and 6 (see also Appendix B for more detail). Let us consider 

ZmMzi, ...,z h ):= =: , (4.45) 



where \G) is the Gaiotto state that reproduces the Nekrasov partition function Z c . The 
states \G') and \G") in the numerator should have shifted a parameters in order to be 
consistent with the fusion rule of the $i j2 operator. In Appendix B.l ^{zx,z 2 ) and 
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ty(zi, Z2, Z3) for Nf — theory are computed by solving the differential equation and in 
Appendix B.2 ^/(zi,z 2 ) is computed for Nf = 1 theory. 

After the scaling (14. 9 h we consider the self-dual case €\ = —e 2 = ih and define the 
free energy 

00 

F null (zi, . . . , Z h ) = log ^nuu(^l, ...,Z h )= ^ ^CFT^l' • • • > z h), ( 4 - 46 ) 

fc=-l 

since the B model computations in sections 5 and 6 only provide the free energy with the 
self-dual Q background. Some of the explicit computation are provided in Appendix B. 

5 Degeneration scheme of CFT differential equations 
5.1 Ward identities 

In general, the N (or N + 2)-points block on the Riemann sphere 

V{ Zl ,...,z N ) = (A\O hl {zi)---0 N {z N )\B), (5.1) 
can be determined by the Ward identity 

(A\ResU(x)T(x)dx)0 1 (zi)---0 N (z N )\B) = 0, (5.2) 

all poles 

where £ = £(x) ^ is any rational vector field. For example, choosing the vector field £ as 



\(l + —L x + \h 2 

L V Z\ Z^ 



+ - z x L- 2 - zxL-x 

V / 21 



JV 2 
Z\ Zj Zi 



^ \Z\ — Zj 1 [Z\ — Zj) 2 ° (Zi — Zj) 3 1 J Zj 



i=2 



where (• • • ) z means the action of T{x) at z defined by 



(L n ) z (. ■ ■ O(z) ■■■>=/ p-.{x- z) n+1 (. ■ ■ T{x)0{z) ■■■). (5.4) 

Jx=z 2m 

In the case where the operator 0\ is the degenerate field $i ; 2 such that 

L_2$l,2 = "fe 2 ^ 2 !$1,2, (5.5) 
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* = 0. 



(5.6) 



and other Oj are primaries with dimension hj, then we have 
\(l + -Lx + \l 2 + ■ ■ ■ ) + (b 2 zld 2 Zl - Zl d Zl 

L V Z\ Z^ / V 

N 2 

5.2 Differential equations 

We will give a list of CFT differential equations with single $1,2 (z) operator insertion 

(FigHD. 

• N f = 0: *(z,A) = <A_, A|$ li2 (z)|A + ,A), 



b 2 z 2 ^ zz - -z^ z + - A + ^ ^ + A 2 (^ + -) J = 0. (5.7) 

. jV 7 = 1: tf(*,A) = (A_,A,m|$ 1)2 (z)|A + ,A), 

,99 4 A /A_ + 2A+-/ii2 .0,1 . \ . „ 

b 2 z 2 V zz - ~zt> z + -* A + ( ^ i£ + A (- - z 2 ) - 2Amzj * = 0. (5.8) 

» = 2 (1) (1st realization): *(z,A) = (A_, A, ra 2 |$ lj2 (z)|A + , A, mi), 

b 2 z^ zz - \z* z + ^ A + ( A - + A 2 + ~^ 2 - A 2 (z 2 + i) - 2A(^ +m 2 .)) v& = 0. (5.9) 

. jV> = 2( 2 ) (2nd realization): A) = (A m+ |$ Am _ (l)$ 1>2 (z)|A + , A), 

6 2 ^-l)^-(22-l)vI/ 2 -Avl/ A+ (^ T + A m+ - ^-Z^ + ^^lW = 0. (5.10) 
• N f = 3: V(z,A) = <A m+ |$ Am _(l)$ li2 (z)|A + ,A,m), 



6 2 z(z-l)^ 2 -(2^-l)^ z -^ A 

/A m A, 7 Z 2mA(z-l) A 2 (z — 1)\ , 

\z — 1 z Z A z 6 

N f = i: = (A m4 |$ Aro3 (l)$ 1)2 (z)$ Am2 (0|A mi >, 

b 2 {z - 1)^ - ( 2 * - 1)*, + 

U - t) 

a A mi A m2 (t 2tz -|- 2) 



(5.11) 



\z — 1 z \z — ty / 



(5.12) 



(z - «)' 

For the block of the form = (A\Oi(l)$ 1}2 (z) ■ ■ ■ \B) (N f = 2^,3 and 4), a 



convenient choice of the vector field £ is £ = x<yX 
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N f = 4: 1713 kl ' 2 1712 



m 4 



00 







mi 


z 


t 








= 3: 

m + 




^1,2 




, A,m 


00 '. 


z 













\ 






N f = 2«: 










= 2( 2 ) 


(A_,A,m 2 | 




A + ,A,77li) 







00 2 

N f = l: 
(A _, A,m 



00 



^1,2 



00 2; 



|A + ,A ) 



Ar / = 0: 
(A-,A| 



00 z 



z 



lA±iA) 



Figure 2: Conformal blocks and their degenerations 
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5.3 Quantum Seiberg-Witten curves 

The CFT differential equation in previous subsection can be considered as a natural 
candidate for the speculated quantized Seiberg-Witten curve, that is an operator version 
of the equation x 2 = foi 2 ) (see the end of section 5 of [2J). By a gauge transformation^] 
^ = UZ, it can be written in the form VfjJZ = which looks like the Seiberg-Witten 
curve in the standard brane set-up. The operator v = bzd z is a quantization of the 
variable v = zx. 
• Nf = 0: U = z A — A +-^, 

psw = l\d A + 2av + v 2 + A 2 (z + -). (5.13) 



Nj = 1: U = e£^ A -- A +-^.2, 



V™ = \kd h + {2a+^)v + v 2 + 2Kz(v + a + ^+ h --m) + —. (5.14) 
3 bo \ Ao 2 / z 

» Nf = 2«: U = e 2A2+ i(*+i)^ A — a + -/u, 2; 

= ^A<9 A + 2av + v 2 -^(Wa-^--^ + m 1 ) +2A«^u + o + ^ + ^-m 2 ). (5.15) 



JV) = 2^: U = (z- 1) ^ Z A_-A + -A 1 , 2) 



psw = lAd A _A 2 +^2a+^?+? 2 +- — z(v+a+^-r+^-m_-m + ) (v+a+^r+^-m _ - in 

l + b 2 -2bm_ 



z V 46 2 V V 46 2 

(5.16) 



N f = 3: U = e-^ b+ - b - 2m —^\z - l)' 



2b 1 Z 



£>f w = Ad A + (2a - -L - 6 + 2m)A + (2a + J- + 2A)£ + v 2 - — (V+ a - i - - + rn) 
. 26 . 26 . z V 46 2 / 

(5.17) 



16 \ 16 

-zl'v + a-\ 1 m_ — m+ w + a H 1 m_ + 

46 2 VV 46 2 



l + b 2 -2ftm 3 



N f = kU= (1-t) ^ (1-f) ^ (1-z) 2^ ^ A— A + -fa, 2t A + -A mi 

P^w = (]_ _ t ) t9t + ( Mi//2 + M3M4 ) t + ^a + — )(1 - t) + (mi + & + fi 3 + li^tjv 



+ (1 +t)v 2 - ~(V + fJ, 1 )(v + fJ, 2 ) - z(v + /J, 3 )(v + fii), 



(5.18) 



7 The factors U are determined by comparison with the gauge theory (localization) results. It may 
be interesting to note that the factor U for Nf — 4 case is exactly the same as the pre-factor appearing 
in the integral (free field) representation of the conformal block. 
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where 

= a ~ h, - | - m i + m 2, fJ>2 = a - jr - | + mi + m 2 



(5-19) 

A*3 = a + jr + 2 - m 3 - m 4 , /x 4 = a + it + f - ™ 3 + m 4 . 



^ + | - m 3 - m 4 , //4 = a + + | 
We remark that the equations for the (irregular) conformal blocks considered here are 
the same as the Schrodinger equation for quantum Painleve equations [32] ■ The connec- 
tion between CFT, iso-monodromy deformation, and Seiberg-Witten curves are natural 
because (i) CFT (KZ equation for example) are the quantization of iso-monodromy de- 
formation (Schlesinger system) [501 ETJ and (ii) the cubic equations which determine the 
classical Painleve Hamiltonians coincide with the SU{2) Seiberg-Witten curves [52J. 

5.4 Degenerations 

Here, we give the degeneration scheme that connect the Nf and Nf — 1 equations. We 
use the notation A^. and z^ f for A, z variables of Nf = 0, 1, 2^\ 2^- 2 \ 3 and 4. 

• We have £>f w -»■ £>f w under the limit 

mi + 7712 = m, 7773 = 777_, 7774 = m + , tm 2 = A3, 7772 — > OO, Z4 = Z3. (5.20) 

• We have £>f w ->■ V™ under the limit 

m = mi, m + +m_ =m 2 , 777_ — > oo, A 3 m_ = A^i), T~ = T^~~~- (5-21) 

A 3 A 2 (i) 

• We have £>f w ->■ under the limit 

m — y oo, — 2A 3 m = A^) , -23 = -2 2 ( 2 )- (5.22) 

• We have Pj^ -> £>f w under the limit 

mi —y oo, m 2 = m, — 2A2 (1) mi = Af, 2 2 (i)A 2 (i) = Z\A\. (5.23) 

• We have Z>|$ -> £>f w under the limit 

m_ oo, m + + m_ = m, A^ i2) m_ = Af, -ry~~ = t^- (5-24) 

A 2(2) A x 

• We have ->■ "D^ w under the limit 



m^oo, -2A?m = A^, ^ = ^r- (5.25) 
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In all the cases, the degenerations of the CFT are consistent with the decoupling 
limit of the gauge theory as discussed in the case of without surface operator [14J. By 
the parameter relation (15.331) . the decoupling limit are described as follows: 



4^3 
3 -> 2« 
3 -> 2( 2 ) 
2« -> 1 
2( 2 ) -> 1 
1 -> 



A 3 = A' (1) 



M 2 -> oo, 



1 2( 1 ) -M 3 ' 
A 3= A 2( 2 )4^7' M 4 ->00, 



z 3 = z 2( i)A 2 (i)^, -M 3 -> oo, 



'2(2) 4M 4 ' 

A 2(D = A life' Z 2W = ^l( A l4Sl)" 1/2 ' M 4 -> °°> 



um 4 ' 



(5.26) 



z 2 (2) = ziAi — 



-Ma -> OO 



A ? = A 03^7T, = ^o(Ao^r) 2/3 , -Mx-Kjo, 

1/2 



ft = (eie 2 



The degeneration relation of Nf = 4 — > Nf = 3 (and similarly Nf = 3 — > Nf = 2^) 
has simple interpretation in operator level as follows. Consider the product 



By the definition of the primary filed, it satisfies 



(zd z + A a + nA mi -A m2 )\i/j). (n > 0) 



(5.27) 



(5.2* 



Here, we will put 



1 1 

m, m 2 = -. 

e e 



z = eA, mi : 

Then, under the limit e — > 0, we have A a + nA mi — A m2 

L^) = -2mA|<0), L 2 \ip) = -A 2 |</>), L n |^) = 0, (n > 3). (5.30) 



(5.29) 

l-n + ^mn + Q^O) and 



Thus, the Gaiotto state A a ,A, m) can be obtained as a degeneration limit ( I5.29P of two 
primaries. 



5.5 Solutions 

The equation Vf w Z(z,t) = has the following series solution 

oo oo 
Z(z,t) =J2 Z n(z)t n , Z n (z) = J2 °n,kZ h 



(5.31) 



n=0 



k=—n 
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First few terms follows 

2fi 3 fi A 2fi 3 (b + fi 3 )^{b + fi A ) 2 , n( 3] 

26 2 + 4a6+l Z (26 2 + 4a6+l)(46 2 + 4a6 + l) Z 12 j ' 

Zl -26 2 -4a6 + i; _/il/i2_/i3/i4+ 26 2 - 4a6 + 1 + 26 2 + 4a6 + 1 + ^ 

Z 2(6 -/il)^l (6-^ 2 )^ 2 1 

2 (26 2 - 4a6 + 1) (46 2 - 4a6 + 1) 2 2 V' 

(5.32) 

These agree with the localization results (I3.28P by the following correspondences : 

-a-e 2 /4 /iT t 
a — , 0— >-./ — , z — )■ — x, )■ — y, 

Vele2 V e 2 ^ 

-a - ei - e 2 + 2M 2 -a - 2M 4 -a + e x - 2M X -a + 2M 3 

Ml -> 7= , -> . , ^3 ->■ 7= , A*4 ->■ ■ • 

(5.33) 

The coefficients of the border terms z n and (|) n are always factorized. From the CFT 
point of view, this can be understood by fusion (not degeneration) of primary operators. 
More precisely, for t — > 0, then $a(w 2 )(*) an d l^( m i)) are fused and we have 

Z(z,0)= 2 F 1 (^^ + l + ±z). (5.34) 

Similarly, for z — > (with u = | fixed), then (A(m 4 )| and $A(m 2 )(l) are fused and 

uz) = 2 F 1 (-^, -| + 1 + ij, it) . (5.35) 

For the degenerate cases Nf < 3, one can also solve the differential equations V^JZ = 
in series expansion. Alternatively, such solutions can be obtained through the limiting 
procedure starting form Nf = 4 case. Since the limit can be taken term by term with 
respect to the variables z and A (or t), we will illustrate the procedure on simplest 
examples. 



3 We have checked this up to the order 7 in x and y variables. 
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The first example is the term z in Nf = 4 solution and its degenerations: 

(2fe 2 +4a6-4rn 3 fe-4m 4 fe+l)(26 2 +4a6-4m3&+4TO46+l)z 
8b 2 {2b 2 +4ab+l) 

I 

(2& 2 +4afc-4m_&-4m + fc+l)(2& 2 +4a&-4m_fc+4m + &+l)z 
8b 2 (2b 2 +4ab+l) 

/ \ 

A(26 2 +4a6-4m 2 6+l)z (26 2 +4a&-4m_6-4m + 6+l) (2fe 2 +4a6-4m_6+4m + &+l); 

fe(26 2 +4a&+l) 86 2 (26 2 +4a6+l) 

\ / 
Af 2b 2 +4ab-Amb+l)z 



b(2b 2 +4ab+l) 
I 

2A 2 z 
26 2 +4a&+l • 

Here, the arrows are the same meaning as Figj2j This degeneration corresponds to the 
decoupling of the fundamental matter attached to the vertical brane at z — 0. The next 
example represents the similar decoupling process around the brane at z = oo: 

(2& 2 -4a6-4m 1 6-4TO 2 6+l)(2& 2 -4a&+4r7j 1 fr-4m2&+l)t 
86 2 (26 2 -4a6+l)z 

I 

(2fe 2 -4afe-4mfe+l)A 
b{2b 2 -Aab+l)z 

/ \ 
A(26 2 -4a6~4m 1 6+l) 2 A 2 



6(26 2 -4a&+l)z (-26 2 +4a&-l)z 

\ S 
2A 2 

(-26 2 +4afe-l)z 

I 
2A 2 



(-26 2 +4a&-l)z- 



32 



6 B model computations via Seiberg-Witten curve 



In [2] it is argued that the Seiberg-Witten curve arises in the "semiclassical limit" ei^ <C 
ai,rrii of the expectation value of the energy momentum tensor. For example, by taking 
the limit h — > one finds the following Seiberg-Witten curves x 2 = 0^ w (^) [13J, 

SU(2),N f = 0: (A a ,A\T(z)\A a ,A) — > - ^0 o sw (^)(A a , A|A a , A) 
<Pl w (z) = M (z) 2 a (z), ao (z):=-z(z 2 -^z + l), M (z) := A ( 6 .1) 

SU(2),N f = l: (A a ,A,m\T(z)\A a ,A) — >■ -^ w ( z )(A a ,A,m|A fl) A) 
0? w (z) = Mj^ViW, cn^) := z(z 3 + x ^ 2 + ^ - 1), Mi (2;) := ^, (6.2) 

SU(2),N f = 2: (A a ,A,m 2 \T(z)\A a ,A, mi ) — > - ^ w (2;)(A a , A, m 2 |A a , A, mi) 

0* w (.) = M 2 (z)V 2 (z), ffa (z) := , 4 + + + + 1, M 2 (z) := A, (6.3) 

where in this section the subscript n of <^ w (z) = M n (z) 2 a n (z) stands for the number of 
flavors. The Coulomb moduli parameter u = a 2 + O(A) in each M = 2 supersymmetric 
gauge theory is determined from the period 

a(u) = j> AswOO, A S w(-z) := x{z)dz, (6.4) 

where A is the A-cycle on the Seiberg-Witten curve x 2 = 0| w (z). Using the discussion 
in [3], one can find that the leading term (disk amplitude) F-\ of the free energy F nu u in 
section 4 is related to the Seiberg-Witten curve by 

(^^) 2 = <^n W (z), F^(z) = ±f\ sw (z>). (6.5) 

Note that in this computation we do not know how to determine the constant of inte- 
gration for F-i(z). Actually for (16.11) - (16. 3p . we can check that the right hand side of 
(16. 5p agrees with the computations ( I4.17p . f 14 . 3 lj) and ( 14.44)) in section 4 for the first few 
orders in A except constant terms in the insertion point z of the degenerate operator. 

In [29], Eynard and Orantin defined the free energies on arbitrary complex plane 
curves by the topological recursion which has its origin to the loop equation in matrix 
models. In [6], it was claimed that the correlation functions in the CFT for M = 2 
superconformal quiver gauge theories can be related to the free energies defined by the 
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topological recursion on the Seiberg-Witten curves obtained from the energy momentum 
tensor of the CFT as (16. ip - (16. 3p . In this section we generalize their claim to asymp- 
totically free theories. Following the construction of Eynard and Orantin, let us define 
the free energies jrjffi^zi, . . . , z h ), g,h 6 Z> , h > 1 on the Seiberg-Witten curve Csw: 
x 2 = <P™(z) = M n {zfa n {z) by 



J%$\z x , ...,z h ):= ■■■ W^ h \z[, ...,z' h ), (6.6) 



W^\z) := Asw(^), W^ 2 \z 1 ,z 2 ) := B( Zl ,z 2 ) - 



dz\dz\ 



2 



(^l-^2) 2 ' 

^)(^,...,^):=^)(^,...,^) for (^/O 7^ (0,1), (0,2), 

where ^w^- 2 ) ^ s nothing but the disk amplitude (16. 5p . The multilinear meromorphic 
differentials W^ h \z u ...,z h ) are defined on Csw by the topological recursion relation 

W^\z) := 0, W^ 2 \ Zl ,z 2 ) := B(z u z 2 ), 

i /" 5 

dE q ^(z) '■— - I B(z,(,), near a branch point q^ 

W^D ( ^ Zl ,..., Zh ) := £ ^s - * } (^-^+ 2 >(g, g, z 1; . . . , z fe ) 

-V Asw(g) - Asw(g) I 

+ £ E ^ (9 ^' |J|+1) (^ zj)W^-^\q, z HV )\, (6.7) 

where qi are the branch points on Csw, H = {l,...,h}, J = C H and 

zj = {z^, . . . , Zi 3 }. q and q denote the positions on the upper and the lower sheet, 
respectively. The Bergman kernel B(zi, z 2 ) is given by the Akemann's formula [531 154"] . 

dgijgg / 2/(z 1 ,z 2 ) + G(A;)(2:i-2: 2 ) 2 \ 
2( Zl -z 2 ) 2 \ 2 y /a n (z 1 )cr n (z 2 ) J 

f(z 1 , z 2 ) := z\z\ + -z x z 2 {zx + z 2 )Sx + -(zl + Az x z 2 + zl)S 2 + -(zi + z^Ss + S 4 , (6.9) 
2 6 2 

G(k) := ~^S 2 + (g x g 2 + q 3 q 4 ) - ^ry(9i - ?s)fe - 94), (6.10) 



o v/(i-t 2 )(i-Pt 2 )' 7o V l - 1 2 1 (gi-g 3 )(?2-?4)' 

(6.11) 

where Sk is the coefficient of z 4 ~ k in a„(z). K(k) (resp. E(k)) is the complete elliptic 
integral of the first (resp. the second) kind with the modulus k. 
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For TV = 2 superconformal quiver gauge theories with the self-dual constraint e\ = 
— £2 = ih, the claim of [6] may be summarized as 

1 1 

F CFT (z 1 ,...,zj l )= 22 7J ^sw fe)---> z »J> (6-12) 

2—2g—h=—k ii,...,i h =l 

where the left hand side is the /i-points free energy defined by (14.461) on the CFT side with 
internal channels chosen so that the result is symmetric in variables Zi,...,zr. Under 
this constraint on the internal channel, the left hand side is essentially fixed. On the 
other hand, there exist ambiguities of the constants of integration in ( 16. 6p . Thus we will 
make a more modest proposal by keeping only universal terms on the right hand side of 
( I6.12p . which are independent of these ambiguities. For both the superconformal and the 
asymptotically free theories we expect that at least a part of the relation (16. 1 2[) is valid, 

), (6.13) 

where J-^\zi, . . . , Zh) is the summation of all the universal terms which are of the form 
a>n 1 n 2 ...n h Zi 1 zV; 2 • • ■ z^ h (ri{ G Z) with the condition HiLi n i 7^ 0- m the res t °f this section 
we will explicitly check the relation (I6.13P for Nf = and Nf = 1. 

6.1 Pure SU(2) 

Here we compute the free energies on the Seiberg-Witten curve ( 16. ip corresponding to 
pure SU (2) supersymmetric gauge theory. The period ( 16.41) is obtained from the complete 
elliptic integral as follows: 

da(u) _ I dX sw (z) 1 I dz _ 1 k2 = 



du J A du 2A J A y/<r (z) nAy/q 3 - q\~ ' q x - q 3 : 



where qi = 0, q 2 = (u - \/u 2 - 4A 4 ) /2A 2 and g 3 = (u + y/u 2 - 4A 4 )/2A 2 are the branch 
points of the curve ( 16. ip . Thus one obtains 

2 A 4 5A 8 9A 12 1469A 16 4471A 20 ^, A 24n 

u(a ) = a 2 + — + - + ttt + TT + - + OA 24 . 6.15 

v ; 2a 2 32a 6 64a 10 8192a 14 16384a 18 V ; y J 

To compute the annulus amplitude J r ^\z 1 , z 2 ) on the curve (16. ip . taking the limit 
g4 — > oo in (16.81) . one obtains the Bergman kernel on the curve by replacing f(z x , z 2 ) and 
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G{k) with 

f(zi, z 2 ) = -\z x z 2 (z x + z 2 ) - ~{zl + Aziz 2 + zl)Si - -{z-y + z 2 )S 2 - S 3 , 
I 6 2 

G(k) = ^S 1 + q 3 + ^-(q 1 -q 3 ), (6.16) 
where Sf. is the coefficient of z 3 ~ k in 0o(z). Thus we obtain the annulus amplitude 

T (0,2) ( v _ + 1 ,4, (*1 + *2)(*fef + 1) a 6 

10(4 + z|KzM + 1) + 9z,z 2 (44 + 1) + ^44iA4 + 1) - 4^(2? + g 

512a 8 z?zf 

+£>(A 10 ). (6.17) 

We can see that the amplitude agrees with (1B.7j) up to A 8 . Hence the relation (16. 13)) is 
correct as was expected. 

Higher topology amplitudes are iteratively computed by the recursion (16. 7p and the 
multilinear meromorphic differentials W^' h \z\, . . . , Zh) can be expanded by the kernel 
differentials [28J, 

X] '{z) :=Res[— — — - J. (6.18) 

1=1* V Asw(g) - Asw(g) (q - %)" / 

For example, W^°' 3 \zi, z 2 , z 3 ) is written as 

W^(z u z 2 , z 3 ) = £ - 2 ( d f q i Z) ( -, B(z 2 , q)B(z 3 , q) 

i=n Asw(g) - Asw(g) 

Hi 

= ^E M »(*) V »(*)% <1) (*i)x 1 (1) Wx 1 (1) W, (6-19) 

Thus we obtain the three-holed amplitude F$w\zi, z 2 , z 3 ) on the Seiberg-Witten curve 
(EH), 

(0,3), v _ 444 - 1 6 3(^44(^1 + 2 2 + Z 3 ) - (^122 + 3l*3 + *3*l)) . 8 

J- sw z 2 , z 3 ) - 16a7ziZ2Z ^ + 6^444 A 



+ 



4 + 4 + 4 - (44 + z \4 + zjz\) ^A44iA + 4 + 4) - (44 + 44 + 44)) 

128a ll z 1 z 2 z 3 12Ba n 444 

, 9{zfzlzl( Zl Z 2 + Z 2 Z 3 + Z 3 Z X ) - (z x +Z 2 + Z 3 )) | %z\z\zl ~ 1) 1 A IQ n , . 12, , , 

+ 256a 11 z 1 2 z 2 2 z 3 2 + 64a 11 z 1 z 2 z 3 J 1 h [ ' 



and in (IB. lip we checked the relation (16.131) up to A 6 . 
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6.2 SU(2) with one fundamental matter 

We compute the annulus amplitude .Fgw \ z u z 2) 011 t ne Seiberg-Witten curve ( 16 .21) cor- 
responding to SU(2) supersymmetric gauge theory with one fundamental matter. The 
period (16. 4p is computed from 

d 4^ = , 1 K(k), k*= ^- q2 l^- q j (6.22) 

du TrAy/(q 1 -q 3 )(q 2 -q4) [Qi ~ Q3RQ2 - qA) 

where qi :2 — — {m ± \/m 2 — u)/A + A 2 / (2(m 2 ± m\Jm 2 — u — u)) + 0(A 5 ), q^ = and 
q 4 = A 2 /u + C(A 5 ). One finds 

. , 9 mA 3 (3a 2 -5m 2 )A 6 ^ /aQn 
u(n) = a .-_-- i 8fl6 +0(A .), (6 .23) 

Then, from (16. 8ft we obtain the annulus amplitude 

(0i2) (a 2 - m 2 )z 1 z 2 2 , m (« 2 - m 2 )z 1 z 2 (z 1 + z 2 ) 3 

•r sw l^l' 2 2j — -7— , A H 7-^ A 



| 2(a 2 - m 2 )(a 2 - 5m 2 )(^ + z 2 )z 2 z 2 + (a 2 - m 2 )(a 2 - 9m 2 )z 3 4 + 2a 4 A4 + 5 

32a 8 z\z 2 

(6.24) 

As before this agrees with F^ T (zi, z 2 ) up to A 4 (see (1B.16|) ). Hence the relation (16.131) 
also holds in this case. 



7 Geometric engineering and open topological B model 

Hereafter we consider the open topological string on toric Calabi-Yau threefolds (local 
A model) which is expected to realize a surface operator in M = 2 SU (2) gauge theories 
in four dimensions. In this section we compute the topological open string amplitude 
by combining the local mirror symmetry with the conjecture of remodeling the B model 
[27] [28] . by which we have the equality between the local A model amplitudes and the 
free energies J-^ 9 ' h ^(xi, . . . , X/J, g,h E Z> , h > 1 on the mirror curve 

C = {x, y e C* I H(x, y) = 0} c C* x C, (7.1) 

computed by the topological recursion relation of Eynard and Orantin we employed in 
section 5. The free energies are defined by (16.61) and (16. 7p under the replacement 

dx 

AswO), — > u(x) :=\ogy(x) — . (7.2) 
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Figure 3: Local Hirzebruch surface K Fo 

7.1 Toric brane on local Hirzebruch surface Kp : pure SU(2) 

The pure SU{2) gauge theory is realized by the Hirzebruch surface F = Pj. x P£, and 
we insert a toric brane on the base P^ as the blue line in Figj3j The Kahler parameters 
Qf, Qb of Pj, P£ and the parameters on the gauge theory side are related by [18], 

g / = e - 2/3a , Q b = X 1 X 2 = (3 A A A , X 1 := /3 2 A 2 w~ 1 , X 2 :=f3 2 k 2 w, (7.3) 

where is a scale parameter which corresponds to the radius of the fifth dimension in 
the gauge theory and X\, (X 2 ) represents the distance between the toric brane and the 
trivalent vertex in the web diagram as indicated in Figj3j The charge vectors of K^ are 
given by 

4 = (-2,1,0,1,0), £ / = (-2,0,l,0,l). (7.4) 

By taking the local coordinate patch as Figj3j the mirror curve which describes the 
moduli of the toric brane is obtained as 

xy 2 + (x 2 + x + z b )y + ZfX = 0, a(x) := {x 2 + x + z b ) 2 — 4zfX 2 , (7.5) 

where Zf,z b are the moduli parameters of complex structure of the mirror Calabi-Yau 
threefold. The closed and open mirror maps are given by [551 1561 157] , 



, ^ , (2m + 2n - 1 
logQ b = \ogz b + 2 > — — — 



m,n>0,(m,n)^(p,0) 



~m n 



log^ = log^, X= ^ x, (7.6) 
Qb z b \z b ' 
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where X — X(x) is the open string moduli on the A model side. The disk amplitude is 
computed in a similar manner to [56J, 

(x' 2 + x' + z b ) + ^/a(x') \ dx' 



F»> >{Q f ,A,w) = I u{x ) = j log — 



X 



w 



n ' Q f )(w 4 -l), aA , 4 (l + AQ f + Q 2 )(w 6 -V 



2{w 2 -l) ,„ AN6 (l + 9Q f + 9Q 2 +Q 3 f )(w 8 -l) 



(1-Q f ) 5 w" ' 16(1 -Q f ) 7 w 



2(1 + Q / )( W 4 -1) 



(/3A) 8 + £>(A 10 ), (7.7) 



(1 - Q f )V 

where in the second equality, since the toric brane is inserted on the base P£, we expanded 

1/2 

the integrand around the midpoint x = z b and took away a logarithmic term from the 
final result. When we compute the annulus and the three-holed amplitudes J r ^°' 2 \ J^ 0,3 ) 
in the following, we will use a similar prescription as above. Using the relation ( 17. 3p of 
geometric engineering and taking the limit /3 — > 0, we find a matching of ( 17.7ft up to A 8 
with the leading term ( I4.17P of the free energy obtained from the CFT one point function 
of $i )2 . 

We can compute the annulus amplitude JF^'ix, y) using ( 16. 8ft . where G{k) can be 
rewritten in terms of the period T b = — \ogQ b as was shown in [58J, 

i{l2.og? t A 
z b I dz b 

where z b = z b , Zf = Zf/z b , and A (z b , Zf) := 1 — 8(z b + zf) + 16(z& — z/) 2 is a component 
of the discriminant of the mirror curve (I7.5p . Thus we obtain the annulus amplitude 

dx'dy' 



G{k) = -— A {z b ,z f )z b — {l21ogi6— T 6 + 41ogi 6 + logA Q (S 6 ,2&S/)}, (7.8) 



/ x f y rln 
J B ^ x '^-J^ 



y') 2 



Q f (w 2 w 2 + 1) 4 Q f (l + Q/)(wi + w 2 )(w 3 w 3 + 1 7 
(l-g 7 )V^2 lP ' {l-Q f fw 2 w 2 



6 



2 



g^l + Sgj + g^K + ^K^ + l) 8 Q/(2 + 5Q / + 2Q 2 )K W2 4 + l) , N 
+ (1 - Q/) 8 ^ 2 3 {P } ^ NS - 2 - 2 {P } 

2Q f (l + 6Q f + Q 2 f )(w 2 w 2 + 1) _ 2Q 2 (w 2 + w 2 ) 

(l-Q/) 8 WlW 2 (l-Q/) 8 ^!^ 

where in the second equality, we used a similar prescription to the case of the disk 
amplitude. The annulus amplitude with two arguments gives the contribution from a 
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geometry where two toric branes are inserted on the base P£. X := (3 2 A 2 w± 1 and 
Y := f3 2 X 2 W2 1 represent the positions of the first and the second toric brane, respectively. 
Using the relation ( I7.3j) and taking the limit — > 0, we find that (17. 9p coincides with 
( ET7D and flR7|) . 

Higher topology amplitudes can be also computed by the topological recursion ( 16 .7p . 
As an example let us compute the three-holed amplitude T^^x, y, z) using (I6.19p . where 
the moment function M(x) is defined by 



1 



(co(x) — u(x)) 

1 



dx 



2 

M(x 



tanh 1 



x^/a(x) 



x 

tanh -1 



X 2 + X + z b 
\/cr(x) 



X 2 + X + Zb 



: M(x)y/a(x)dx 
x ^ 2n + 1 



(Tlx 



n=0 



X 2 + X + Zb 



,2m- 



-. (7.10) 



Thus we obtain the three-holed amplitude 



^ (0 ' 3) (Q/,A ; 



H/ (0 ' 3) (x , ,i/ , ,z / ) 



(g/ + 6Q 2 + Q 3 )K W2 2 m 2 



r 



-(/3A) e 



+ 



(1 - Q f ) 7 wiw 2 w 3 

(Q f + llQj + 11Q 3 , + Q))(wlwlwl(wi + w 2 + w 3 ) - (w x w 2 + ^2^3 + w 3 wi)) 

(1-Q f ) 9 w 2 w 2 w 2 
2(Q) + 6Qj + Qj) (wf + w\ + w\ - (w\w 2 2 + + w\w\)) 
(1 - Qf) XXi w\W%wz 
(Q f + 17Q 2 , + 36Q 3 , + 17Qj + Qj) (wfw%wl(w 1 w 2 + w 2 w 3 + w z w x ) 



my 



Oi + w 2 + w 3 )) 



Qf) 



n wfw 2 wl 



(Q f + 18Q 2 + 42Q 3 + 18QJ + Qj) {w\w A 2 wi(w 2 + w 2 + w 2 ) - (w 2 w 2 + w 2 w 2 + w 2 w 2 )) 



Qf) 

2„„2„„2 



11 3 3 3 
1L WiW'6W 



1 uj 2 uj 3 



2(Q f + 28Qj + 86Qj + 28Q} + Qj)(w 2 w 2 w 2 - 1 
(1 - Qf) 11 w 1 w 2 w 3 



(/3A) 10 + 0(A 



12\ 



(7.11) 



The three-holed amplitude with three arguments gives the leading contribution when 
three toric branes are inserted on the base P£. X := /3 2 A 2 u>f \ Y := fi 2 A 2 w 2 and 
Z := (3 2 A 2 w 3 l represent the position of each toric brane. Using (17.31) and taking the 
limit f3 -> 0, we find that flTTTj] agrees with <KTD\ and fjBTTTp . 
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Figure 4: Local del Pezzo surface K dP , 2 

7.2 Toric brane on local del Pezzo surface Kdp 2 : SU(2) with one 
fundamental matter 

By the geometric engineering, one can also introduce fundamental matters. The SU (2) 
theory with one fundamental matter is realized by the del Pezzo surface dP?,, which is 
obtained by a blow up at a torus fixed point on the Hirzebruch surface F , . Let us insert 
a toric brane on the base V\ as the blue line in FigJH As in (17. 3p . the Kahler parameters 
Qf, (resp. Qb, Q e ) of the fiber P\, (resp. base P^, the exceptional curve P*), and the 
distance between the toric brane and the vertices in the web diagram Xi, {X2) can be 
related to the parameters on the gauge theory side as [18j [2] , 

Q f = e- 2f3a , Q e = e ~^ a - m \ Q b = X X X 2 = 2/3 3 A 3 , X x := f3 2 A 2 w~ l , X 2 :=2f3kw. 

(7.12) 

The charge vectors of K^p 2 are given by 

l h = (-1,1, 0,0, 1,-1), £ f = (-2,0,1,0,0,1), 4 = (-1,0,1,-1,1,0). (7.13) 

By taking the local coordinate patch as FigJH we obtain the mirror curve which describes 
the moduli of the toric brane, 

(x + z b )y 2 + (x 2 + x + z b ZfZ^ 1 )y + ZfX = 0, 

cr(x) := (x 2 + x + z h z s z~ 1 ) 2 - Az f x{x + z b ), (7.14) 
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where Zf, z b} and z e are the moduli parameters of complex structure the mirror Calabi- 
Yau threefold. The closed and open mirror maps are given by [57] , 



logQ b = \ogz b + 



(3m + 2n + 2k - 1) ! k +n+k k 

-Zi Zr z., 



m\n\k\(m + k)\(m + n)\ b f e ' 

m,n,fc>0,(m,n,fc)^(0,0,0) v ' y ' 

lo S% = 1 °g-I' 1 °g^ £ = 1 °g— > X = —X } (7.15) 

Vfo ^fe ^6 z b 

where X = X(x) is the open string moduli on the A model side. The disk amplitude is 
computed as 



/X l*X f 

oo(x') = J log I 



(x' 2 + x' + z b ZfZ e v ) + y/(r(x') 1 dx' 
2{x' + z b ) J ~ 



2(Q f - Qefr^ + 1 _ (M)2 + (Of - geKgj + g/ + g, ~ 3g^K 



{l-Q s )Q e " (1-Q f )w^ J (1 - QffQl 

8(Q/ - Q e )(g) + 4Q 3 y + g 2 - (8g 3 + 5g 2 - Q f )Q e + (10Q2 - 5gy + i)g 2 ) w 3 

9(1 -g/) 5 g 3 ^ j 

+(45g 3 + 2igJ - 7Q f + i)g/g e 2 - (35g 3 - 2igJ + iq } - i)g 3 )u> 4 
8g 2 f (g f -g e )(i-g e w i + Q f i 

1 /2 

where in the second equality we expanded the integrand around the midpoint x = z b 
and removed a logarithmic term. We see that this result is consistent with (I7.7P in 
the limit Q e — > 0,Qf/Q e — > 1. Using the relation (I7.12p and taking the limit — > 0, 
we find that (17.161) agrees with (I4.3ip except the coefficient of wA. The difference of 
the coefficient of wA is nothing but the overall factor exp(— Aw/h) which compensates 
the difference between the instanton partition function with surface operator and the 
correlation function with the degenerate primary field insertion. Therefore (I7.16P agrees 
with the computation on the gauge theory side. 

From f)6.8p we can also compute the annulus amplitude J 7 ^ ' 2 -* (x, y), where G(k) can 
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be rewritten in terms of the period T b = — log Qb as [58J, 

G{k) = - ^(zTzfie) " b M 12 bg + 7 ^ ^ + A0i% > ^ ~ Zb ~ Ze) 1 ' 

A (> 6 , z 6 ) := I6z 3 b z}z e - (27z e 4 - 12(3z e - 2z f )z 2 e + 8{z 2 e + 2z f z e - 2z)))z\z f 

+ (l2(3z e - 2zf)z f 4 - (4 + 46z f z 2 e - Uz 2 f z e + 32z 3 f ) + [z 2 e + 8z f z e - Sz 2 f ))z b z e 

+ (4z f -l) 2 (z 2 -z e + z f )z 2 } 

9 1 

C(z b , z f , z e ) := ~-z b z 2 e + (z b + z e )z e - - (7z e + Az f (z b + z e )) + z f , (7.17) 

o o 

where z b = z b , Zf = zj/z 2 , z e = z e /z b , and A (z b , Zf, z e ) is a component of the discriminant 
of the mirror curve (17.141) . Thus we obtain the annulus amplitude 

^ 2 \Q f ,Q e ,A, Wl ) = ffBix'^) - 

-(M) 2 



+ 



AQ}(Qf-Qe)(l-Q e)wiW 2 

(i-Q/) 4 a 

8Q 3 f (Q f - Q e )(l - Q e )(Q f + 1 - 2Q e )w 1 w 2 (w 1 + w 2 ) 

(l-Qf) 6 Ql ^ j 

lQQjjQf - Q e )(l - ge) (Q} + 3Q f + l + 5(Q e -Q f - l)Q e ) (wj + w 2 ) Wl w 2 

a-Q f ) 8 Qi 

8Q 4 f (Qf - Q e )(l - Qe)(2Q f + 1 - 3Q e )(Q / + 2 - 3Q e )iu? 



V 2 



(1-Q/) 8 Q 4 



e 

4 i AVA5 



(/3A) 4 + (9(A 5 ), (7.18) 



where in the second equality we expanded the Bergman kernel around the point x' = 
z l J 2 ,y' = z\J 2 and removed a logarithmic term. X := /3 2 A 2 w^~ 1 , and Y := /3 2 A 2 w^" 1 
represent the position of two toric branes. Using the geometric engineering (I7.12p and 
taking the limit j3 — > 0, we see that (17.181) agrees with (I6.24p . and (IB. 161) . 



8 Vortex counting and open topological A model 

In a recent paper j8] the instanton partition function with surface operator has been 
worked out from the viewpoint of the coupling of four dimensional gauge theory with 
a two dimensional theory on the surface. It was argued that in the decoupling limit 
Amst 0, where only zero instanton sector of the four dimensional theory survives, the 
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partition function reduces to the vortex counting in the two dimensional theory. By the 
localization computation on the affine Laumon space which we used in section 3, the 
vortex counting of [8j can be derived in the following way. Recall our identification of 
the instanton number k and the monopole number m: 

k = k\, m = k 2 — k\, (8.1) 

where k\ and k 2 are given by (13.51) in terms of a pair of Young diagrams (Ai, A2). Thus 
when we look at the zero instanton sector we have to set k\ = and the monopole 
number is restricted to take non-negative integeio This means that Ai has to be trivial 
and A2 has only a single row, whose length gives the monopole number. Let us first 
consider pure 577(2) theory for simplicity. Then almost all terms in the diagonal part of 
the equivariant character vanish. The remaining terms are 

chry(a,a) = e a ^ +e ^- - e^ [ - ^ - e^ [ - ^ 

a,av ' / e £l - 1 e £l - 1 e £l - 1 



= (e a i~ a 2+^2 + e ei^ _ = + l) V e kei . (8.2) 

6 k=l 

Hence the zero instanton part of the partition function ( 13. 8ft is 

°°l/z\ mm 1 

^mono P oie(a,ei,e 2 ;2;) = 1 + V— (— I IT- — ■ (8.3) 

^m!Vei/ f- 2a + e 2 + ke x 

m=l x ' k=l 

where we have replaced the parameter A2 in (I3.8P to z. We see that with the choice 
of equivariant parameters e% = h, e 2 — > the partition function (I8.3P agrees with the 
generating function of vortex counting, eq. (3.24) in [8], where it was argued that the K 
theory version of (3.24) coincides with a refined open topological string amplitude in the 
limit where the Kahler parameter Qf, of the base vanishes. 

Let us look at a similar vortex counting in zero instanton background in Nf = 4 
theory. The results for 1 < Nf < 3 theories can be obtained by the decoupling limit. 
The contributions from (0, (m)) gives the partition function 

N A ~ m ^[0,(0,(m))](a 1) a;m 1 )-n?[(0,(m)),0](a,a 2 ;m 2 ) 

^monopole K Mi, €\, y) = 1 + ^ V ~ 



^vec[(0,(m))](a) 

(8.4) 



9 As we will sec the next subsection, for k > the negative monopole number is allowed. 
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Since only the non-vanishing component of A is A2 1 = tn, we have 



m-l 



nj[(0,(m)),0](a,6 ;m) = JJ(-a + b - ke x - m), (8.5) 



k=0 
m 



[0, (0, (m))](a, 6 ; m) = JJ(a + 6 + ke x + e 2 - m). (8.6) 



■ [ v, yv, ymj)\yu, u , in) = 

fc=i 

Combined with the previous computation of n vec [(0, (m))](a) in pure SU{2) theory, this 
gives 



^ m o„o P oie(a, Clj e 2 , y) _ 1 + ^ (-y) — - — - ^ 

(8.7) 

After the identification z = (-y), 2M 2 = m x - \e x + |e 2 , 2M 4 = -m 2 + fei + ~e 2 , (1877)1 
agrees to (4.26) in [8] up to U(l) factor (an appropriate power of (1 — z)), which is also 
related to the hypergeometric series. 



8.1 Localization on one instanton sector 

We generalize the vortex counting to one instanton sector of the four dimensional gauge 
theory. For one instanton sector, the pair of partitions A := (Aj., A 2 ) satisfies 

k x = 1, k 2 =m + l. (8.8) 

There are four choices for A as follows: 

(A) \ mA = ((l),(m+l)), m>-l, (B) A mB = (0, (m + 1, 1)), m > 0, 
(C) A mC = (0,(m,l,l)), m>l, (D) X mD = ((1, 1), (m)), m > 0. (8.9) 

For Nj = 4 theory, by evaluating the three characters Tr Ext ^ ^ [g] , Tr Ext ^^[g] with 
a x = a, a 2 = —a, b x = M3 — M4, 6 2 = M4 — M3, m 2 = M3 + M4 and Tr Ext ^ ^[g] with 
ai = Mi — M 2 , a 2 = M 2 — Mi, 61 = a, 6 2 = —a, mi = Mi + M 2 we can read off the 
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partition function in one instanton sector for each partition. 

m=-l ^vec [A w a] (a) 



m 



n/(AmA,0) = (o-2M 3 ) JJ(- a -2M 4 -A;ei), 

fc=0 

m+l 

W/(0, X mA ) = (~a - 2Mi + d) JJ(a - 2M 2 + fcei + e 2 ), 

fc=i 

m 

n vcc [X m A}(a) = (~2a - mei)e™+ 2 (m + 1)! JJ(2a + ke 1 + e 2 ), 



fc=0 



V. M„ «„ e 2 ; ,,,)=£) A " Bl(a " " ; mi) ; ^ , (g . n) 

m =o n vcc [\ m B](a) 



n s f (\ mB , 0) = (~a - 2M 3 - e 2 ) JJ(-a - 2M 4 - fcei), 

m+l 

™/(0, Kb) = (a - 2Mi + e x + e 2 ) JJ(a - 2M 2 + fcei + e 2 ), 

fe=i 

m+l 

n VC c[A mi j](a) = (mei - e 2 )e m+1 m! JJ(2a + fcei + e 2 ), 



k=0 



m=l ^vec 



n/(A mC ,0) = (-a-2M 3 -e 2 )(-a-2M 4 -e 2 ) JJ(-a - 2M 4 - fcei) 

fc=0 

m 

n S f ($, X m c) = (a- 2Mi + ei + e 2 )(a - 2M 2 + ei + 2e 2 ) JJ(a - 2M 2 + fcei + e 2 ), 

k=l 
m 

[Amc](a) = (2a + e x + 2e 2 )(-mei + e 2 )e 2 e™(m - 1)! JJ(2a + fcei + e 2 ), 



n 

fc=0 
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Z?»{a,Ill l , tl ,H;x,v) = £ zy" 1 ^ AmD " a " ""'j "/ - '" 2 > , (8.13) 

m=0 n vec[^mD](S) 



m-1 



n s f (\ mD ,®) = (a-2M 3 )(a-2M 4 ) JJ(-a - 2M 4 - fcei), 

fc=0 

m 

n s f ($, Kd) = (a + 2Mi - ei)(a + 2M 2 - e x - e 2 ) JJ(a - 2M 2 + fcei + e 2 ), 

fe=i 

m-l 

"-vcc[A m D](a) = (-2a + ei)(2a + mei)e 2 e™ +1 m! JJ(2a + fcei + e 2 ). 



fc=0 

Taking a decoupling limit 

M 2 , M 3 , M 4 ->■ oo, Ai = -2M 3 x, A 2 = 4M 2 M 4 y, (8.14) 

one obtains the partition function for Nf = 1 theory 

z[ A \a,M 1 ,e 1 ,e 2 ;A 1 ,A 2 ) 

= f;W 1 - « + 2M 1 - ei 



(2a + m ei )6r 2 (m + 1)! riLo(2a + + e 2 ) 



z{ B) (a,Mi,ei,e 2 ;Ai,A 2 ) 

a - 2Mi + ei + e 2 



A A m+1 



z{ c) (a,Mi,ei,e 2 ;Ai,A 2 ) 

= VA A m+1 a-2M 1 + e 1 + e 2 

% 1 2 (2a + e 1 + 2e 2 )(-me 1 + e 2 )e 2 e^(m-l)!nLo( 2a + A;e i + e 2)' 



z{ D) (o,Mi,ei,e 2 ;Ai,A 2 ) 

= V A A m+1 a + 2M 1 -e 1 

^ 12 (2a- ei )(2a + me 1 ) e2e ™ +1 m!nr=o 1 ( 2 « + ^i + e 2 )' 

The decoupling limit 

Mi, M 2 , M 3 , M 4 ^ oo, Ax = l.U|.U :i .r. A 2 = 4M 2 M 4 ?/, (8.16) 
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Figure 5: D-brane inserted on an inner leg of local Hirzebruch surface 



gives the one instanton partition function for Nf = theory 
Z { 1 A \a,e 1 ,e 2 ] A 1? A 2 ) 

1 2 (2a + m ei )er 2 (m + l)!nLo(2« + ^ 1 + 6 2 ) 
z[ B \a, ex, e 2 ; Ai, A 2 ) 

1 



A A m+1 

h 1 2 (me 1 - e2 ) e r 1 m!nS(2a + ^i + ^2) 



Z\ , (o,ei,e 2 ;Ai,A 2 ) 



'(C) ( 

= A A m+1 

^ 1 2 (-me 1 + e 2 )(2a + ei + 2e 2 )e 2 e^(m-l)!nLo( 2a + A;e i + e 2)' 
Z[ D \a,e 1 ,e 2 ; A x , A 2 ) 

oo 1 

_ \ ^ y\ A m+1 - (8 171 

1 2 (2a-e 1 )(2a + me 1 )(- e2 ) e J ,+1 m!rifc=o 1 ( 2a + ^i + e 2)' 

8.2 Topological vertex computation 

Now we discuss the one instanton partition function for the four dimensional gauge theory 
from the A model via geometric engineering. The pure gauge theory is engineered by the 
A model on the local Hirzebruch surface Fo = ~P\ x Pj- with a toric brane. The Kahler 
parameters for the base ~P\ and the fiber Pj- correspond to Qb = /3 4 A 4 and Qf = e~ 2 ^ a , 
respectively. To realize the surface operator in four dimensional theory, the toric brane 
should be inserted on the inner leg which denotes the base P^ in the toric diagram 
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El [8], and we choose the open string moduli X = (3 2 A 2 w. 
The topological vertex computes the open BPS invariants [30l [59] . 

7 opcn/ v n n n n Z D ' brane (X, Qfc, g/L, QfR] q) . . 

Z BPS Wb, WfL, WfR, q) 

Each factor is given by the representation sums 

Z^ps (Qb, QfL, QfR', q) 

= Yl C ^ C ^C X2ui% C^^ (8.19) 

2p branc^ Qj R - q) 

E n n n n (^+ k a 2 +km+(p- 1 ) k a*«/3+p k ^i®")/ 2 

xqHq^qI Ai I + ' A3 I + ^I(-1)I a iI+(p- 1 )IM®^I+p[^®«I Tr Q V Tr^" 1 , (8.20) 

where V = X and p denotes the framing of the toric brane. For the tensor product 
representation a®/3, K tt8(3 = k q -|- and C^®^ = ^ 7 c^gC 7Mi , where is Littlewood- 
Richardson coefficient [60]. In the following we choose the framing p = — 1. In order 
to compare with the four dimensional gauge theory in detail, we have set the Kahler 
parameter for the fiber Pj in the left/right side in the toric diagram independently as 
Q fL = e ~ WaL and Q fR = e" 2 ^. 

The one instanton part of the topological string amplitude is the first order in Q\. 
For the closed string partition function Z^p^ d (Qf), QfL,QfR',q), we only need to consider 
the terms with Ai = A2 = 0. For such choice of the partitions, one finds the closed string 
partition function 

Z^to(Qb, QfL, Q fR ; q) = M(Q fL ; q)M(Qf R ; q), (8.21) 

00 

M(Q;q) = H(l-Qq n )- n . (8.22) 



71=1 

'D- brane / 



On the other hand, the D-brane partition function Z brane (x, Q b , QfL, QfR', q) m one 
instanton sector comes from the following three choices of the partitions: 

(1) (/3, A 1; A 2 ) = (□, 0, 0), (2) (/3, A 1; A 2 ) = (0, 0, □), (3) (J3, A x , A 2 ) = (0, □, 0). 

(8.23) 
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At this point we should point out a crucial difference from the case of the geometric 
engineering of the Nekrasov partition function in terms of closed topological string. In 
the case of the Nekrasov partition function for SU(N) gauge theory, the fixed points on 
the instanton moduli space are in one to one correspondence with the assignments of 
the Young diagrams on iV parallel inner edges representing the base P£ of ALE fibration 
of type However, in the present case even at one instanton level the one to one 

correspondence is lost. In fact we found four fixed points (I8.9P on the affine Laumon 
space with instanton number one, while ( I8.23P gives only three configurations. The lack 
of one to one correspondence makes the problem of matching the instanton partition 
function with surface operator to open topological string amplitudes highly non-trivial. 

Let us compute the open BPS partition function for each choice of partitions. For 
case (1), the open BPS partition function Z^^ 1 \x,Q b ,Qf L} Qf R ;q) becomes 



7' 



bpsi (X,Q b ,Qf L ,Qf R ;q) 
1 



^BPsHQbi QfL, QfR, q) 

xQ b J2s a (q~ p )s a (X)s a (q p )q 



fR 



Q 



X 



Y J ^q p+u )sM p )Q)[su{x- 1 ) 



V 




(8.24) 



In the computation, we used the following relations. 



S(m)(q p ) 




Tr (m) X = S(m) (X) = X m , 



(8.25) 



nLi(wr 




(8.26) 
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For case (2), we obtain 

^bpsi^ {X, Qb, QfL, QfR, q) 
1 

ZispsoiQb, QfL, QfR] q) 

xQ fe Y, Sa{q- p )s a {X)s u {q p f £ s,(q p+a )s,(q p+D )Q% s v { q ")s v { q " +u )Q% 

a fi v 

l_y, 1 (Xg^r 

^\q ~ I) 2 1 " QfL ^ (1 " QfRq- 1 )^ ~ Qf R q m ) EGLi(l " ^) lEi^l " QfR<l k ~ l ) 

(8.27) 

To derive this result, we applied a relation 

This is found from the Cauchy formula (IC.5I) . 

For case (3), we have to consider the topological vertex with a tensor product rep- 
resentation CV alg ow0 seriously. For the tensor product representation a ® (3, the Schur 
function obeys [60J 



Sq®/3 = S Q S/3 = ^Jc^s 7 . (8.29) 

7 

Then the topological vertex with a tensor product representation is computed as 



/2 



= ^(g p+Mt )^(g^)v(g p )g^ /2 = * a (g p )^(g p )v(g p+a ) v( f !% v/2 - (8-30) 

Applying this expression to ( I8.20p . we find that the partition function in this case coin- 
cides with f[8T2Tj) : 

^BPS 1 Qb, QfL, QfR, q) — ^BPS 1 

(X, Qb, QfL, QfR, <?)■ (8-31) 
Summing these three contributions, we find the partition function in one instanton 
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sector. 



^Bp e si(^> Qbi QfL, Qjr, q) 

~ 9 - 1 1 - Q» h nti(i - ? fe )(i - Qfnq h ~ l ) 



(? - 1) 2 1 - ^ (i - q/^xi - Of***) nr =1 (i - nsa - w- 1 ) ' 

(8.32) 

In the four dimensional limit /3 — ?• 0, the open BPS partition function become 
^bps ( i 4D) (w } A } a L} a R ;h) 

oo 1 

= -a 4 E( a2 



,2 w) m'-l 



m'=0 



(2a L )^'+im'! FRLiC 2 ^ + ( k ~ l ) h ) 



+2A 4 V (A 2 w) m = , (8.33) 

where q = e~ l3h . 

On the other hand, in the self-dual case ei = — £2 = h, the one instanton partition 
function for the gauge theory ( I8.17P yields 

OO 

= -a 4 ( A2w " m 



»»+>(m+l)!njS(2o+(*-l)fi) 



oc 



+2A 4 V(A 2 w) m . (8.34) 

Choosing and a R by 

= a — h/2, a R = a, (8.35) 

we find a coincidence between the one instanton partition function for gauge theory and 
four dimensional limit of the partition function for the open BPS states in the A model. 

8.2.1 Geometric engineering of Nf = 1 theory 

Geometrically the four dimensional gauge theory with Nf = 1 flavor is engineered by the 
A model on local del Pezzo surface (IP2 with Kahler parameters 

Q / = e - 2/3a , Q e = e- /3(a " m) , Q b = 2f3 3 A 3 . (8.36) 
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Figure 6: D-brane inserted on an inner leg of local del Pezzo surface 

So as to realize the surface operator, we introduce toric D-brane as FigJHJ and the open 
string moduli is also identified by 

X = (3 2 A 2 w. (8.37) 

The topological vertex computes the open BPS invariants on local del Pezzo surface. 

Z Ta - ne (X,Q b ,Q e ,Qf L ,Qf R ;q) , , 

Z BPS l A > V6, Qe, QfL, QfR'i q) ~ 7 closcd/ n n n 7j ~\ ' 

Z BPS Ve, V/l, (^fR, q) 

ZbPS (Qb,Qe,QfL,QfR',q) 
Ai,A2,At,i / ,T 

x g ^+^)/ a (-g k )^i(-g /H g- 1 )M(-g e )H(g^ /fl g; 1 )i^o}i ) (8.39) 

Zg P g ranc (X, Q b , Q e , Qf L , Qf R ; q) 

— C(x 1 <g>a)v t ilCi_ t (\l®l3)<I)CT^(l)Cx 2 T t 4>Cu\ t 2 (l) 
Ai,A2,/i,i / ,T,a,/3 

x(-iyW + ?W TlaV TrpV' 1 . (8.40) 

For later convenience, we have changed the Kahler parameter Qf as in the local Hirze- 
bruch case. 

Q f L = e- 2 ? a \ Q fR = e - 2 ^, Q e = e~^ aR - m \ (8.41) 
In the following we choose the framing p = — 1 . 
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The one instanton sector for four dimensional theory comes from a part of the above 
representation sums which satisfies + 1 Ai| + 1 A2I = 1 for the D-brane partition function 
and I Ai| + IA2I = for closed string partition function. We find the closed string partition 
function 

^closed / /O /O . „\ 

M(Q fL ;q)M(Q fR] q) 

Z BPS0 (Q b ,Q e ,Q fL ,Q fR ;q) - M{Qe . q)M{QfRQ -i. q y ( 8 - 42 ) 

The computation of the D-brane partition function for the one instanton sector is 
classified into three cases (|8.23p . Each partition function is computed in the same way 
as local Hirzebruch surface. 



Z'kpsi ^ (X, Qb, Q e , QfL, QfR] q) 

^BPS 1 / 2 (X, Qb: Qe, QfL, QfR, Q) 



= (QbQfQ 



(3^ 

q-1 



x > (l-Qe)(Xq 

m=0 ^ Qfn)(l - QfLQ- 1 )^ ~ Qf L q m ) nLl(l " <?*) nS(l - Q fL q 

ZeP8 1 3 \X, Qb, Qe, QfL, QfR', q) 
1/2 * 2 



oc 



x V (i^%ggzW^T f8451 

^{l-QfR){l-Q fL q^){l-Qf L q™)m=l^-<l k )Y$:Zl{l- w- 1 ) ' 
Summing all these contributions, one finds 

^BPS lP^' Qe, Q/L) QfR, <?) 

_ Q q 1/2 f> (QfRQe 1 - ^x-^Xg 1 ' 2 ) 
h « ~ 1 i^o (! - nti(i - ? fe )(i - QfLq k ~ r ) 



(8.43) 



f (l^KW (8 44) 



+0 fg 1/2 Vf (2Q fR Q^-Q fR -l)(Xg^r 

^ b \q - V ^ (l - Q/*)(i - <3/l<? -1 )(i - Q/Lg m ) nLi(i - Q k ) n^(i - QfLq^ 1 ) 



.46) 
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In the four dimensional limit (/3 — > 0), this partition function yields 

^open(4D) ^ ^ ^ ^ M _ ^ 

oo 

= 2A 3 ^(A 2 



, 2 \m'-i a R + m 



m'=0 

oo 



(2a R )h^m'\ Uk=i(^L + (k — l)ft) 



+2A 3 y (A 2 w) m — — , . (8.47) 

In the self-dual case €\ = —e<i = ft, the one instanton partition function (I8.15P for the 
gauge theory is reduced to 

z l-?lt(a, h , ~K Mi; A 2 w, 2A 3 w~ 1 ) 
= 2A 3 £ (A 2 .,)™ a + 2 Ml -h 



m=-l 



(2a - ft) (2a + mft)ft m + 2 (m + 1)! Uk=i( 2a + kh) 



oc 



+2A 3 Y(A 2 wT ~ (4Ml ~ ^ 1 . (8.48) 

^ V ; {2a-h) 2 {2a + xnh)h m + 2 m\U™:l( 2a + ( k - 

This result coincides with the topological vertex computation (18.471) under the following 
shifts of parameters: 

a L = a, a R = a- ft/2, m = 2M X - ft/2. (8.49) 
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Note added 

After this paper was submitted to arXiv, there appeared a new article [6 J] . where the 
results in [7] are extended to affine sl(N) case. 
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Appendix A : Equivariant Character of the Affine 
Laumon space 

The fixed points of the toric action on the affine U(2) Laumon space are isolated and 
labeled by a pair of partitions A := (Ai,A2). We denote by A*^ the i-th component 
of the partition A^ = (Afc >1; Afc^, • • • , A^jv)- The equivariant character ch^(a, b) := 
Tr Ext ^^Jdiag.(ei, e 2 ; a, b)) in [11] computes the contribution of a bifundamental mul- 
tiplet, from which those of an adjoint and an (anti-)fundamental multiplet are derived. 
Hence the relevant gauge group is U{2) x U(2) in the following. We need a second pair 
of partitions jl := (/ii, /i 2 ) and the Coulomb moduli parameters a := (a 1; a 2 ), b := (61, b 2 ) 
to write down the formula of the equivariant character. With the convention qu = dk+2 
and Xk,i = Afc + 2,i, the equivariant character at a fixed point of the toric action iq^ 

k,e>i 

c a,^-b ec e 1+ e 2 (\i-l\-\^\) { e W jj 

e ei - 1 

k,£>l 

e a 1 -fe, +leei +e 2 (L|-|j+l)^ i 

e £1 - 1 

l>\ 



e a2-6« e ei+e 2 (L|-lJ+l): 



+ E 

k eei - 1 

- V e afc_ ^e ei+e2(L i _1J "^~ 1J) 

e £1 - 1 

A:,£>1 

E, , , , ( + 1 V P — e l^k+l,k 1 

c a fc+1 -fe, +lc e 1+£2 (|4-I|-|i-I|) l e + ' W + J 



e ei - 1 

k,e>i 

„ — eiAt. t, 1 

c a fc -bi c ^i+^(-i-i^-ii) e ; - 1 

e ei - 1 

fc>l 



e a fc+1 -fc e ,i+e 2 (-l-L|-fj)^ i ( A ft 

e ei - 1 

fc>l 

Here the floor function \_k\ denotes the largest integer not greater than k. We have 
rewritten the original formula by Feigin et. al. ([EE]. Prop. 4. 15) to arrive at flA.lj) . 



We can rewrite this character as a Laurent polynomial in e a % e bi and e ei with non- 
negative integer coefficients as follows: 



10 In the SU{2) case, a k := (-l) fe - 1 a and b k := 
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Proposition. 



min(0,/i£ + i (— A fc k ) 

i=min(l,l+^ + i^ + i-A fc>fc ) 
min(0,^^-A fc _ ljfc ) 

i=min(l,l+^ /+1 -A fc _i jA .) 
max(0,/^-A fcifc+1 ) 



fc>i 



iei 



+ E 



e a fc -6^6 2 (L|j-L|j) 



E 



£>1 



i=max(l,l+^-A fejfc ) 

max(0,^ + i^-A fc+ i jfc+ i) 



+ ^ e a t+1 -6 <+lef2 ([^j-L*ilj) £ 



fc>0 

J?>1 



=max(l,l+^ +lj ^-A fc+ i j , 



A fci0 = /ifc,o := oo. 
Proof. Since 



(gj V_ 1)(g -M_ 1} 

q-1 



N 



min(0,AT-M) 

E - E 

i=l-M i=max(l,l+A r -M) 



— * 

for any M, N — 0, 1, 2, 3, • • • , the character ch^(a, 6) reduces to 



y^ e ai-6 £+ i e e 2 L^J giei _|_ e ao-6£ e e 2 L|j ^ p iei 

£>1 i=l £>1 i=l 

min(0,^,£-A fcifc ) 

E - E 

t=max(l,l+/i <iJ >-A feifc ) «=1-Afc,fc 

W+V min(0,/^ + i^-A fe+1>fe ) 

E - E 

i=max(l,l+^ +M -A fe+ i >fe ) «=l-A fe+ i, fe 



+ E 



e a fc -6^6 2 (L|j-L|j) 



fe,£>l 



ki>i 



(A.2) 



(A.3) 





min(0,^ +M -A fcifc ) 










E - 


E 




(A.4) 


k,e>i 




i=max(l,l+^ +M -A fcjfe )_ 








min(0,^^-A fe _ 1 . fc ) 










E - 


E 




(A.5) 


fe,£>l 


i=l— Afc_i,fc 


i=max(l,l+^ i< -A fc _ ljfe ) 







+ ^ e a fc -f le - 2 L|j £ 



k>l 



i=l-Xk,, 



E 

fe>i 



,a* + i-62 p e 2 (l-L*Jlj) 



E 



(A.6) 
(A.7) 

(A.8) 
(A.9) 



i=l— Afc+i,fc 
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j = 1 2 3 4 5 6 7 8 9 10 11 12 
i = 1 



2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 



1, □ 
-1, □ 



Figure 7: Example of sgn A (z, j) for A = (9, 9, 8, 6, 5, 5, 4, 3, 3, 3, 2), which equals that for 
A = (8,6,4,3,2). The black and white boxes denote sgn A (i,j) = 1 and —1, respectively. 



Adding the second term of (1A.7I) with £ > 2 and the first term of (1A.4j) yields 



E 

k,£>l 



e a fc -6 <+ i e «(L^J-L|j) 



min(0,^ +M -A fc>fe ) 



E 



(A.10) 



i=min(l,l+/^ +M+ i-A fe , fc ) 



On the other hand, adding the second term of (1A.7I) with i = 1 and the first term of 
( ED yields 



E' 



E 



(All) 



fc>l i=min(l, l+^i,! -A fcfc ) 

Combining (lA.lOj) with flA. 1 1 j) gives the first term of (IA.2[) . In the same manner we can 



get other terms. 

Let us introduce the following signature (Fig. [7]) 



□ 



sgn A (i,j) :-- 



if 



+1, if 



A2«+i < j < A 2n and i = 2m — 1 or 

A 2 «+2 < j < A 2 „+i and z = 2m, 

A 2 n+i < J < A 2n and z = 2m or 

^2n+2 < j < A 2n+ i and i = 2m - 1 



(A.12) 



with n = 0, 1, 2, ■ ■ • and m = 1, 2, 3, • • • . Here A := oo. Note that if A^+i = Afc +2 then 
sgn A (z, j) = sgn A r Cd (i, j) with A red := (Ai, ■ • • , A^, Xk+3, • • •)• Then we can represent the 
character as a summation over some squares in the Young diagrams as follows: 
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Proposition. 

2 

/,J=1 

ch^(a, 6) := exp{a-6+l Cl +Q + J-/)|} 



sgn„(i,j) = (-l) / + J + 1 



(»,j)eM 

sgn^(i,i) = (-l) I + J 



+ ^ exp<j (^-j + iV^^.-i + ^l^ WA.13) 



2/ 2 



e lei 



e lei 



Moreover ch^ -(a, 6) is symmetric under the replacement (ai+^, &i+^) -H- (a 2 — ^, — ^f) 
and (Ai,/ii) «-» (A 2 , Ai 2 ). 

Proof. Let ch^ J ^(a/, 6j) be a part of ch^ -(a, 6), which contains e ai ~ bj , i.e., 

min(0,^-A 2 fc-i) 

ch^(a,6) := ^e a -V 2( ^ fc+1) e ^ 

j=min(l,l+/i 2 £+i-A 2 fc-i) 
min(0,At2f-i-A2fc) 

fe,^>l i=min(l,l+/i2£-A 2 fc) 
max(0,/i M _i-A 2fc ) 

fc,^>l i=max(l,l+/Li 2 ^_ 1 -A 2 fc_i) 
max(0,/i 2 ^-A2fe+i) 

+ J2e a - b e e2{£ - k) e * ei ' ( A - 14 ) 

fc|0 i=max(l,l+ju M -A 2 fc) 

min(0,/i M -A 2fc ) 

i=min(l,l+/i M+ i-A 2fc ) 
min(0,/i 2 ^_i-A 2fc _i) 

k,£>l i=min(l,l+/i 2 ^— A 2 fc_i) 

max(0,/i 2f _i-A 2fc+ i) 

fc^o i=max(l,l+/i 2 <_i-A 2 fc) 
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+ E«- 



max(0,^ 2 (?-A2fc) 



E 



(A.15) 



fc,^>l j=max(l,l+Ai2£--^2fe-l) 

and ch^(a,6) := ch A ' (a, 6) and ch^(a, b) := ch^(a, 6)e e2 . Then we obtain 
ch x!^ b ) = exp{a-&-(Ai-j')ei + (^-i + l)y} 



(i,i)SA 
sgn M (i>j)=— 1 




exp- 




sgttx(i,j)=l 




X] exp< 


a — b — (Aj — 








|a — 6 + {fa - 


sgn_x,(i,j) = -l 





{a-b + (jM-j + 1) £l - (A; - i + 1) |} , (A.16) 



which proves flA.131) . Since 

2,2 



£ 2 , ^2- 



e 2 



ch Ai 2 , w ( Q i - f > & 2 + j) = ch^ 2 (a! + |, b 2 - |), 



(A.17) 



the proposition follows. □ 
Especially when ft = A, /2 = or A = 0, we can also represent the character as a 
summation over all squares in the Young diagrams: 
Corollary. 

2 ~ i j 

ch X j(a,b) = ^2 ch A ' Aj (a,6), 



i,j=i 



c^x^b) := expi a /+(1 



1 



(w')eA 



£2 



xexp 



sgn M (My-J)/2 - 0j+(l-sgn M (ij)^^)/2 + ^ + g 

' , ,gn / ,(/../)).(A.h\) 



ch X) |(a,6) = 



7=1 



E * 



(i,j')ex 7 

i:odd 



E 

i:even 



e (l-j)e 1 + (l-i)f 



ch^(a, b) = J2 e 



j=i 



,«■/ 



E 

i:cvcn 



3 a J+1 + f (-l)J 



E 

z:odd 



(A.19) 



(A.20) 
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Proof. Let ch AA (a, b) := ch^(a/,6/). For I ^ J, let clr^a, 6) be the combination 
of the terms of ch^(a/,6j) with negative powers in e ei and those of ch^(aj,6/) with 
positive powers. Then we get ( 1A.18I) . When /2 = 0, since sgn (i, j) = (—1)*, if i is odd 
or even number, then I = J or I J, respectively. Thus ch^ ^(ai, b\) + ch^ g(a 1; b 2 ) and 
ch A '0(a2, b 2 ) + ch^ g(a 2 , b\) give the 1 = 1 and 2 part of ( IA.19j) . respectively. On the other 
hand, when A = 0, if % is even or odd number, then I = J or / ^ J, respectively, and in 
the same manner we obtain f ]A.20j) . q 



Appendix B : Multi points insertion of degenerate op- 
erators 

B.l N f = case 

In Nf = case, we put (A\ = (A', A| and \B) = |A, A) in eq. fl5.6p . then we have 
"A. A + A'-Nh 12 k2 . 1 



rA A + ZY-iVft 1>2 2 L 1^,2 2 . 2 a 
U A 2 i7 Zl 21 ~ 2* 1 ; 

^ = 0. 



21 

N r*h 1 ( BA ) 

^ 2 (Z! -Zj) 2) 

We set the dimensions of initial state as A = A(a ), then the dimensions of intermediate 
and final states A(<2j) are restricted by the fusion rule as Oj+i = a« ± — and A' = A(ajv)- 
For each choice of the intermediate channels (called fusion path), one has a series solution 
of the form 

N 00 

^ = JJ ;S A(o j )-A(a i _ 1 )-h 1 , a II ( 1 _?iy&Y(z), Y(z) = J2 Y n(z)A 2n - (B.2) 

i=l l<i<j<N Z% n=0 
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• The case N = 2: For the simplest fusion path dj = a + ^, we have 

F ° = 1 ' ^ = h 2 9 i t (- + -)+ jT-^- T ^l+^), 

—o^ — 2ao — 1 z 2 Z\ —tr + 2ab + 1 
Y 2 = ci + c 2 (^2 + -f) + c 3(— + — ) + + + c 6 (^ + zl), 

Z 2 Z 1 Z 2 Z\ Z\Z 2 

2(b 2 + l) 1 

1 (6 2 -2a6-l)(6 2 +2af>+l) > 2 2(fe 2 +2afe+l)(26 2 +2afc+l) ' 

1 _ 2(a-b) 

c 3 — (-ft 2 +2a6+l)(6 2 +2ab+l) ' ° 4 — (2a-fe)(-2fe 2 +2a&+l)(-f> 2 +2a6+l) ' 

r = _, 2(fc 2 +ab+l) = 1 

L5 (ft 2 +2aft+l) (ft 2 +2aft+2) (2ft 2 +2aft+l) ' ^ 6 2(-2ft 2 +2aft+l)(-ft 2 +2aft+l) ' 

Y 3 = d{\ + \) + C 2(- + — ) + C 3 (2l + 2a) + C 4 (^ + 4) 

Z 2 Z 1 Z 2 Z\ 2 2 

+ c s(^- + TT2) + c e(^! + z 2 *i) + ^(3 + 3) + c 8 (— + — ), 

^2^1 ^2^1 ^2 ^1 ^2 *i 

1 _ 8b 4 +8ab 3 +13ft 2 +6afc+6 

Cl 6(ft 2 +2aft+l)(2ft 2 +2aft+l)(3ft 2 +2aft+l)' ° 2 2(-ft 2 +2aft+l)(6 2 +2aft+l)(ft 2 +2aft+2)(2ft 2 +2aft+l) > 

-8ft 3 +8ab 2 ~5ft+6a _ 1 

C 3 - 2(2a-ft)(-2ft 2 +2aft+l)(-ft 2 +2aft+l)(6 2 +2aft+l)' ° 4 6(-3ft 2 +2aft+l)(-2ft 2 +2aft+l)(-ft 2 +2aft+l) ' 

3fc 2 +2afc+2 _ 2a-3ft 

° 5 " 2(ft 2 +2aft+l)(ft 2 +2aft+2)(2ft 2 +2aft+l)(3ft 2 +2aft+l)> ° 6 2(2a-ft)(-3ft 2 +2aft+l)(-2ft 2 +2aft+l)(--ft 2 +2aft+l) > 

C7 = 2(-ft 2 +2aft+l)(ft 2 +2aft+l)(2b 2 +2ab+l)> C§ = ~~ 2(-2ft 2 +2ab+l)(-ft 2 +2aft+l)(6 2 +2aft+l) " 

Then the free energy is given as 

logY(zi,z 2 ) = +9(^2) +g(z 1 ,z 2 ), (B.4) 

where 



(B.3) 



g(Zi) k 2 { 2a b-l 2 +l Zl (2aft+ft 2 +l)) 

I A4/ ^ 2 _ ft 2 ft 2 \ 

_r -' 1 V2(2aft-2ft 2 +l)(2ab-b 2 + l) 2 2z 2 (2ab+ft 2 +1) 2 (2aft+2ft 2 +l) (2aft-ft 2 +l)(2ab+ft 2 + l) > 

, A 6/ ^ 

"•"^ V3(2aft-3ft 2 +l)(2ab-2b 2 + l)(2aft-b 2 +l) 3 2i(2afe-6 2 +l)(2a6+b 2 + l) 2 (2afe+6 2 +2)(2afe+2fe 2 + l) 

2ft 4 1 2ftfzi \ , n i a8\ 

3z 3 (2aft+6 2 +l) 3 (2aft+2ft 2 +l)(2aft+3ft 2 +l) ^ (2a-ft)(2aft-2ft 2 + l)(2aft-b 2 + l) 2 (2aft+ft 2 + l) / ~T ^A"* 1 ^ 



(B.5) 



and 

9(Zl, z 2) = A 4 (- (_2a6+6 2 -l) 2 (4a 2 b-6afe 2 +2a+2fe 3 -b) ~~ ziz 2 (2aft4V+l) 2 (2aft+ft 2 +2)(2aft+2ft 2 +l) ) 

+^ 6 ( _ (2ab+6 2 +l) 3 (2ab+fe 2 +2)(2afe+2fe 2 +l)(2a6+36 2 +l)(if^ + I^f) ( B - 6 ) 

2ft 3 (ziz 2 +z 2 z 2 ) , /r\f \8\ 

(2a-ft)(2aft-3ft 2 +l)(2ab-2b 2 + l)(2aft-b 2 + l) 3 ~r^l iv )■ 

Under the limit a — >■ f , A — > 4 ^ - >■ 0, we have 

A 4 fe 2 + 1) _ A 6 (z 1 + Z2)(zfzl + l) 
l6a^ Zl z 2 32a%izlzl + {h 1 ' 
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This agrees with the B model results. 

• The case N = 3: For the simplest fusion path a { = a + ^, we have 

Y(A = 1 Y - Zl + Z2 + Z3 1 ( — l - l — ^ 

01 J ' 1 2a6-6 2 + 2 (2a& + 6 2 + l)U *2 V' 

/I 1 1 \ / 9 9 9 \ / Z\ z l z 3 z 2 

Y 2 = c 1 + c 2 ( — + — + —) + c z {z\ + 4 + zl) + c 4 ( — + — + - + — 

Z 2 Z 3 Z l Z2 Z3 Z2 Z3 

I 1 1 1 \ 

+C 5 (ZiZ 2 + z 3 z 2 + z x z z ) + c 6 ( 1 1 ) 

Z1Z3 Z\Z2 Z%Z 2 

r _ 2fe 2 +3 _ 1 

U1 (-2a6+6 2 -2)(2afc+6 2 + l)> ° 2 2(2a6+6 2 +l)(2a6+26 2 + l) ' 

C 3 = 4Cn.h-h2 + 1 V2n.h-fi2 4.21 ' C 4 = 



4(a6-6 2 +l)(2a&-fc 2 +2)' ^ 4 — (2ab-ft 2 +2)(2af>+b 2 +l) ' 

2ab-2b 2 +l 2(afe+6 2 + l) 

° 5 2(aft-6 2 +l)(2a&-fe 2 +l)(2afc-f> 2 +2)> C 6 (2a6+fc 2 + l)(2afc+6 2 +2)(2afe+2fe 2 +l) ' 

/ 1 1 1 \ ( 1 1 1 \ 
*3 = Cl(— + — + — J + C 2 ( 1 1 J + C 3 (Z 1 + Z 2 + Z 3 ) 

z 2 z 3 z 1 Z 2 Z% Zi 

+cAz\ + zl + zfj + c 5 (^^ + + — — + -5— + ? + A 

^2^3 ^2^3 ^2^1 ^3^1 ^2^ ^3^1 

+C 6 (z 2 zl + + Z^l + ^3^1 + -22-23 + -22-23) + C 7(-2" + ^ + ~| + _ | + — + 

^2 ^3 ^2 ^3 

+c 8 (£l + i + i + i + z l + i ) + C9 (-5- + -ii- + _^_) 

^2 ^3 ^2 ^3 ^1 2i ^2^3 ^2^1 ^3^1 

/^3^2 . Z\Z 2 Z\Zi\ 1 

+Clo( 1 1 J + Cn h C 12 Z 1 Z 2 Z 3 , 

Z\ Z 3 Z2 Z1Z2Z3 



where 



Cl 6(2afe+b 2 +l)(2a6+26 2 +l)(2a6+3b 2 +l) ' 

8afc 3 +10afe+8b 4 +176 2 + 10 

° 2 " 2(-2ab+b 2 -2)(2ab+b 2 +l)(2ab+b 2 +2)(2ab+2b 2 +l)' 

8afc 3 +10afc-8fc 4 -5fc 2 +5 

C 3 4(a6-6 2 + l)(2a6-6 2 +l)(2a6-6 2 +2)(2af>+6 2 +l) ' 

1 

12(2afe-3fe 2 +2)(a6-fe 2 +l)(2a6-6 2 +2) ' 



C 4 
C 5 



2afe+3b 2 +2 



2(2ab+b 2 +1) (2a6+6 2 +2)(2a6+26 2 +1) (2a6+3fe 2 +1) ' 

_ 2afc-3fe 2 +l ^_ 

Ce 4(2a6-36 2 +2)(a6-6 2 + l)(2a6-6 2 + l)(2a6-6 2 +2) ' 

1 



C 7 

c 9 



2{-2ab+b 2 -2)(2ab+b 2 +l){2ab+2b 2 +l) ' 

1 

'4(-2a6+6 2 -2)(-a6+6 2 -l)(2afe+b 2 +l) ' 
2(ab+b 2 +l) 



(-2ab+b 2 -2)(2ab+b 2 +l)(2ab+b 2 +2)(2ab+2b 2 +1) ' 

2ab-2b 2 +l ^_ 

Cl ° 2(a6-6 2 +l)(2a6-6 2 +l)(2a6-6 2 +2)(2a6+6 2 +l)' 

2(2a 2 b 2 +5a6 3 +5a6+3fc 4 +7b 2 +3) 

Cn ~~ (2afe+6 2 +l)(2a6+6 2 +2)(2a6+6 2 +3)(2a6+26 2 + l)(2ab+3b 2 +l)' 

_ 4a 2 fc-10afc 2 +2a+6fe 3 ~b 

Cl2 2(2a-6)(2a6-36 2 +2)(a6-6 2 + l)(2ab-6 2 + l)(2ab-6 2 +2) ' 
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In the free energy F = logY, the relevant terms at order A 6 are 

o Z\ Zo Zs 

(2a - 6) (2ab - 3o 2 + 2) (ab - b 2 + 1) (2ab - b 2 + 1) {2ab - b 2 + 2) 3 
81? 1_ 

(2ab + b 2 + l) 3 (2a& + b 2 + 2) (2ab + b 2 + 3) (2a& + 2o 2 + 1) (2a& + 36 2 + 1) 21*2*3 ' 

(B.10) 

Under the limit a — > |, ft — >■ 0, this gives 

This is consistent with the B model results. 
B.2 N f =l case 

We put (A\ = (A_,A,m| and \B) = |A+,A), then fl5T6l) takes the form 

M„ + f + " + g + <A^) (B, 2) 



+ Zl (-2mA) + zf(-A 2 ) 



* = 0, 



where the action of the first term is given as 

A 

',. 3 1 3 3 



(V) q = ~0 A + A ' + 3 2A+ - ~ f>0« + h lt2 ), (B.13) 

i=i 



by using the relations L \B) = (A+ + f <9 A )|5) and (34|L = (A_ + Ad A ){A\. 

The equation has a solution such as Y(z) = 1 + Y\A + Y2A 2 + • • • with the same 
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pre-f actor as Nf = case. The first terms are as follows 

y _ i V — 2to(zi+z 2 ) 

I — L , I I — -&2 +2 afc+l> 

v _ (-b 2 +2ab-4m 2 +l)(z 2 +zf) (-8m 2 b 2 -b 2 +8am 2 fe+2ab+l)z2 zi 1 / 1 . J_\ 

12 ~ 2(-2b 2 +2ab+l)(-b 2 +2ab+l) ~T (2a-b)b(-2b 2 +2ab+l)(-b 2 +2ab+l) (b 2 +2ab+l) V zi z 2 J' 

y _ m(-5fe 2 +6afe-4rrt 2 +3)(2f+2f) m(3b 4 -8ab 3 +4a 2 b 2 + 12m 2 b 2 +b 2 -8am 2 b-2ab-2) (21 z 2 +z 2 z 2 ) 

^3 — 3(-3b 2 +2ab+l)(-2b 2 +2ab+l)(-b 2 +2ab+l) ^ (2a-b)b(-3b 2 +2ab+l)(-2b 2 +2ab+l)(-b 2 +2ab+l) 

1 2mzi 1 4(fe 2 +l)m 

(-6 2 +2a6+l)(6 2 +2a6+l)(zi+z 2 ) (-b 2 +2ab+l)(b 2 +2ab+l) > 

y _ (9b 4 -24afe 3 +12a 2 o 2 +56m 2 b 2 -12b 2 -48am 2 fe+12afe+16m 4 -24m 2 +3)(Z] 1 +z|) 
4 ~~ 24(-4b 2 +2ab+l)(-3b 2 +2ab+l)(-2b 2 +2ab+l)(-b 2 +2ab+l) 
(80m 2 fc 4 +9b 4 -136am 2 b 3 -24afc 3 +64m 4 fc 2 +12a 2 o 2 +48a 2 m 2 fc 2 -12m 2 b 2 -12b 2 -32am 4 fc+12afc-12m 2 +3)(ziz|+z 2 zj i ) 
6(2a-b)b(-4b 2 +2ab+l)(-3b 2 +2ab+l)(-2b 2 +2ab+l)(-b 2 +2ab+l) 
+ C.zlzj 



4(a-b)(2a-6)b 2 (-4b 2 +2ab+l)(-3b 2 +2ab+l)(-2b 2 +2ab+l)(-6 2 +2ab+l) 

(-b 2 +2ab-4m 2 +l)z 2 ,j_ j_x 

2(-2b 2 +2ab+l)(-b 2 +2ab+l)(b 2 +2ab+l) Vzi z 2 > 

(32m 2 b 4 +5b 4 -32am 2 b 3 -12ab 3 +4a 2 b 2 +20m 2 b 2 -3b 2 -24am 2 b-2ab-2)(zi+z 2 ) 



(-b 2 +2ab-4m 2 +l)2 2 ,j_ j_ 

_l_ 2(-2b 2 +2ab+l)(-b 2 +2ab+l)(b 2 +2ab+l) Vzi z 2 

^ 2(2a-b)b(-2b 2 +2ab+l)(-b 2 +2ab+l)(b 2 +2ab+l) 

1 2(b 2 +ab+l) 1 

(b 2 +2ab+l)(b 2 +2ab+2)(2b 2 +2ab+l)z 2 zi 2(b 2 +2ab+l)(2b 2 +2ab+l)(z 2 +z|) ' 

(B.14) 

Ci = -86m 2 (2a - 36)((2a 2 6 2 - 5a6 3 - ab + 2b 4 + b 2 -l) + {(2ab - 3b 2 + \){{2ab - b 2 + 1) ((2a 2 6 2 - 5ab 3 + 
2b A + 1) + 166 2 m 4 (2a - 3b) (a - 2b). 

Then the free energy F = \ogY = g(z 1 ) + g(z 2 ) + g(zi, z 2 ) is given by 

/ \_ 2m Zl L , / (-b 2 +2ab-2mb+l)(-b 2 +2ab+2mb+l)z 2 1 \ a 2 

y^ 1 ^ -6 2 +2ob+l V 2(-2b 2 +2ab+l)(-b 2 +2ab+l) 2 (b 2 +2ab+l) Zl ) IV 

/ 4b 2 m(b 2 -2ab-2mb-l)(b 2 -2ab+2mb-l)z 3 2b 2 m \a3 

"H 3(b 2 -2ab-l) 3 (2b 2 -2ab-l)(3b 2 -2ab-l) (b 2 -2ab-l)(b 2 +2ab+l) ' 

/ b 2 (-b 2 +2ab-2mb+l)(-b 2 +2ab+2mb+l)C 2 z 4 
+ U(-4b 2 +2ab+l)(-3b 2 +2ab+l)(-2b 2 +2ab+l) 2 (-b 2 +2ab+l) 4 

2b(-b 2 +2ab-2mb+l)(-b 2 +2ab+2mb+l)zi b 2 . 4 , g . 

(2a-b)(-2b 2 +2ab+l)(-b 2 +2ab+l) 2 (b 2 +2ab+l) 2(b 2 +2ab+l) 2 (2b 2 +2ab+l)z 2 ^ V ~T h 

1 \ _ , (-b 2 +2ab-2mb+l)(-b 2 +2ab+2mb+l)ziz 2 A 2 _ Abm(-b 2 +2ab-2mb+l)(-b 2 +2ab+2mb+l)zi z 2 (zi +z 2 )A 3 

yl^l,^2j — "I" (2a-b)b(-2b 2 +2ab+l)(-b 2 +2ab+l) 2 (2a-b)(-3b 2 +2ab+l)(-2b 2 +2ab+l)(-b 2 +2ab+l) 3 
/ b 2 (-b 2 +2ab-2mb+l)(-b 2 +2ab+2mb+l)C 2 ziz 2 (zf+z 2 )b 

(b 2 +2ab+l) 2 (b 2 +2ab+2)(2b 2 +2ab+l)ziz 2 ~~ (2a-b)(-4b 2 +2ab+l)(-3b 2 +2ab+l)(-2b 2 +2ab+l) 2 (-b 2 +2ab+l) 4 

(-b 2 +2ab-2mb+l)(-b 2 +2ab+2mb+l)C 3 z 2 z| ^A 4 1 n( \5\ 

4(a-b)(2a-b) 2 (-4b 2 +2ab+l)(-3b 2 +2ab+l)(-2b 2 +2ab+l) 2 (-b 2 +2ab+l) 4 b/ A + ^V A /' 

(B.15) 

C 2 = -3fc 6 + 14a6 5 - 20a 2 6 4 + 44m 2 fo 4 + 7b 4 + 8a 3 6 3 - 40am 2 6 3 - 20a6 3 + 12a 2 6 2 - 20m 2 b 2 - 5b 2 + 6ab + 1, 
C 3 = -36 10 + 26a6 9 - 88a 2 fo 8 + 172m 2 fo 8 - life 8 + 144a 3 fo 7 - 664am 2 fe 7 + 54a6 7 - 112a 4 fe 6 - 84a 2 fe 6 + 
784a 2 m 2 fe 6 + 20m 2 6 6 + 406 6 + 32a 5 6 5 + 40a 3 6 5 - 288a 3 m 2 6 5 + 24am 2 fe 5 - 150afe 5 + 168a 2 6 4 - 32a 2 m 2 6 4 - 
52m 2 6 4 - 36& 4 - 56a 3 6 3 + 64am 2 6 3 + 82a6 3 - 44a 2 fe 2 + 4m 2 fe 2 + 116 2 - 12afe - 1. 
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Under the limit a — >|, m — > A — »• 4 and h — > 0, we have 
-21-22 (a 2 - ra 2 ) ^2 ■mziz 2 (zi + z 2 ) (a 2 - m 2 ) 



g(z 1 ,z 2 ) -> 



4a 4 6 2 



4a 6 6 2 



A 3 -A 4 ( 



1 



16a 4 b 2 ziZ 2 



^ z\z\ (a 2 — 9m 2 ) (a 2 — m 2 ) ^ 2i (z 2 + z%) z 2 (a 2 — 5m 2 ) (a 2 — m 2 ) . ^ ^^5^ 



(B.16) 



32a 8 6 2 16a 8 6 2 
Again, this recovers the B model results correctly. 



Appendix C : Schur functions and topological vertex 



The Schur function satisfies the following properties [60J: 

s,(cx) = c^s^x), s,{q P ) = ^ /2 V(^)> 

where and 



M == E 



«/« ■= H + Yl Vi&i - 2i) = 2 (j 
The Cauchy formulas for the Schur functions are 



-1)IH V (^), (C.l) 
(C.2) 



(C.3) 

-V (C4) 



E 



n 



^ ^(x)v(l/) = II^ 1 + Xi Vi) = ex P 

The topological vertex in the canonical framing is [30 

C m {q) = q^^s^q") £ s, l/ri (q^)s,y v (q 

where s^/ u is the skew Schur function defined by 



(C.5) 
(C.6) 



(C.7) 
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Figure 8: Gluing rule for topological vertex 



We denote the Littlewood-Richardson coefficient by c£„. The topological vertex enjoys 
the cyclic symmetry 

^Warn?) = ^Wiwa w) = Cfj, 2fl3tll (q). (C.9) 
If some of /ij's are the trivial representation 0, the topological vertex simplifies as follows: 

C/* = «/.(«"), (CIO) 

C, u% = q K » /2 sM P Mq P+ n = s u (q P )sM P+Ut )- (CH) 
The gluing rule for the topological vertex is 

^^{-Q)^-^^^^ (C.12) 



where the integer n is defined by the exterior product of the vectors and v 



m 



v 1 v 2 

n = v ftl A v m = det [ ^ ^ 



(C.13) 



The vectors v m := (i?*, w^J and v Vi := (v^jV 2 ) are the directions of the corresponding 
legs in the toric diagram. In particular for inner branes, the gluing rule is generalized as 
follows: 

^^^jC- 1 )^ ^*^ - ^^*^)^ Tr a LV Tr Q nV-\ (C.14) 



with 

Hi) = \m\ti + \a L \r + \a R \(ti - r), 
/(*) = P« w ®o*72 + p)K^ aR /2, 
s(i) = +Pi\fii ® a L \ + (n +p)|)U* <8> a fl |, 
where |a <g> j3\ — \a\ + \/3\ and «; a ®/3 = + 



(C.15) 
(C.16) 
(C.17) 
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